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I. INTRODUCTION

The purpose of this thesis was to study the

longitudinal distribution of vehicles in the traffic stream.

In respect of roads with small volumes of traffic, we knew

that a good approach to the problem may be obtained by

assuming that the traffic is fortultously distributed and

follows closely enough a'quite*simple probability function

named Poisson distribution (3).

However, because of the nature of the Poisson

formula eidrthe way it has been derived, we had serious

doubts that it would not work as well for average or

relatively high traffic volumes. Since all the traffic
theory regarding the longitudinal pattern of the traffic
flow is based.on this’fﬁnction,‘we thought thatrit was very
worthwhile to check its accuracy at different volumes and
possibly‘determine the conditions. for which it applies.

At high volumes, the traffic is not as fortulitously
dis tributed as in the case of low volumes since there are :
so many factors influencing the driver operation  that we no
longer have this complete randomness upon which the Poisson
function is based. In these conditions, it was felt that

another mathematical tool was needed which was not based on

“this "complete randomness". This tool should possibly work

-1-



for either the opposite extreme from randomness, which is
regularity and can be nearly approached during congestion,

or for the whole range of possibilities between randomness

and regularity.
A. K. Erlang (5) has developed such a distribution

and used it to describe telephone traffic. The Erlang

distribution is "less random" than the Polsson dis tribution

" 4in the sense that it predicts a more regular and determined

flow than the latter. Since We expected to observe a
rélative regularity of the traffic flow at high volumes,
the Erlang function might possibly work., Furthermore,
there might be such an snalogy between road traffic and
telephone traffic that we could possibly apply to road

traffic the theory as developed in telephone by A. K.

Erlang.



II. EXPERIMENTAL PROCEDURE

' THE FIELD EQUIPMENT

. The data upon which we based our calculations
have been extracted from some films taken by the Dept. of

Highways of Onterio in previous studies.

The camera used to take the films was an "Arriflex™

16 m.m. professional cine camera, see Fig. No. l. Although

it was equipped with wide-angle, telescopic and normal lenses,

‘only the normal lens was wed.: It was also powered by a

strage'battery and the frame speed could be set at any

given speed by‘a quick adjustment. A small amount of

' experimenting showed that a speed of eight frames per

second would give the best results as far as the number of
vehicles. observed per'iength of film and the movement of a
par ticular vehicle in any one frmm are. concerned,

, The film spools contal ned approximately 0O feet
of film which produced approximately thirty minutes of film
without changing spools. Although it would have been
desirable to have no interruptione in filming during this
period, it was occasionally necessary to stop the oamera
to make Speed adjustments. Filming wag glso stopped if
tfaffic came to a stop either on the through lanes or on

the deceleration lene. This stop condition contributed

-3



Arriflex 16 mm. camera used
to obtaln the data

FIGURE 1
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nothing to the study am in all casés the cause was beyond
the camera'ranée and therefore of no interest in this '
study. .

| To.obtain.the'required field of view, the camera
was lobated on a tower constructed of portable tubular steel
scaffolding (Fig. No. 2). The tower was approximately fifty
feet high and gﬁys were used to minimize swaying. ‘The
,distancé between the tower and the nearest lane of the
highway was in the ﬁicinity of 100 feet. The tower was
plainly visible to the motorists, particularly when it was
manned. In order to minimize any effect on the habifs of
the drivers, it was in place‘approximately one week before

any cemera work was carried out. Personnel also moved*

‘around at the top of the tower during this familisrization

period. As far as could be determined; the tower had no
effect on the operating characteristics of the vehicles

on the through lanes or on the ramp.

 THE PROJECTION EQUIPMENT

The projector used for this phase of the study
was a Bell sxd Howell 16 m.m, silent time and motion study
type (see Fig. No. 3). The f£ilm could be run forward,
reversed or stopped at any time. The projector was '
specially fitted for manual frame advancement for detailed

examination of each individual frame of the film. A counter



Tower from which the films were taken
FIGURE 2
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Projector used to extract data
from the films

FIGURE 3




was attached to the projector.for recording the number of
frames which had been viewed between the passage of successive
vehicles. The proaector was equipped with a normal

pro jection 1ens with a focal length of 2 inches and required

‘& projector distance of about 20 feet to obtain a picture

size of L x 3 ft.

THE STUDY LOCATIONS

| _Although the Dept. of Highways of Ontario had &
great number of films available which had been taken in
previous studies, meny of them could not be used for the
purpose of this work for some reason or another. Onerof
the ma jor reasons preventing their‘use was in most cases
due to the fact that 1t was often extremely difficult to
determlne with a reasonable accuracy the pre01se instent
when the oncoming vehicles reached a reference 11ne drawn
on the screeh for the purpose of'celculating the headways.
Most of the films having indeed been taken at intersectlons
for specific ramp studies, our reference line was eften
located so far in the fleld of vision as to hake accurate
determihatiep of the.iﬁstant that a given part of any
particular vehicle crossed the line practically impossible.
Another reason which prevented their use was that onkmany

films, the field of vision was so small that it did not
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, opportunity. In order'that our data reflect the existing

show a point approkimatély halfway betweep the-beginning:of
thevfull'width of the deceleration iane'and the islénd nose,
ﬁhich was the locatlion where we réferenced.the vehicles.
Fig. No. I is a sketch showiné the general location of the
refefencé line. Ideally, we would.have liked to réference
the véhiclés before they reach the taper oection of the
deceleration lane, but no film provided us‘with thisv

cond itobns of the traffic flow we had to locate our
reference line before the nose of each intersection so

that we taxe an account of the vehicles using the‘ |
deceleration lane; we had to reference them also at a p01nt
far enough from the beginning of the deceleration lane so.
that the through traffic previously 1nfluenced by the
vehlcles u31ng the deceleration lane would be given enough
time to readJust the ir operation as if they had not been
influenced by the former.

‘ ~After examination of all the films that were
available, four films weré finally selected for longitudinal
mov ement anélysis, K11 films show major intersections with
the Highway #4101, an wban freeway in the northern pébt of
Metropolitan Toronto. Figure No. 5 is a sketch showing
the study locations. To oimplify the naming of the sites
‘throughout the rest of the thesis they will be called only .

by the name of the street which intersects Highway #401.
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While each intersection has a different layout, this was not

taken into consi deration in our study since the longitudinal

movement of vehicles which we study is not influenced by

' the intersection layout. Rach intersection is in flat

terrain and the geometric features of both the inter-
changes and the highway at each location have the same

standard level of design so that neither the geometric

~design of the highway nor the physical nature of the
ghighway have any effect on the spacing of vehicles at any

_particular location.

The Annual Average Daily Traffic volume at these

:1ocatibné7as determined by the Ontario Department of

Highways.was reported as being between 36,000 and 67,000
vehicles per day for. both directions of travel.. Some
fjpical:traffic volumes taken at each location with “
portablé'aﬁtomatic traffic recorders are shown in'Fig. No.

6; these volumes have been recorded during 6ne week just

‘pribrvtb fhe filming. The highway was originally designed

~as a rural freeway, but due to its proximity to Toronto and

the large volumes of traffic, it can be classed more
accurately as an urban freeway;v |

All the films used in this study were taken
du?ing that period of time when there was the greatestg
combination of through and diverging traffic. This

happened from 7:30 a.m. to 8:30 a.m, for'westbound traffic
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oanighway #,01 and froﬁ L:30 p.m.to 5:30 p.m. for eastbound
traffic. Although it might have been preferable that the
films be takgn ot different periods of the day in order to-
deal with‘thé greatest rangé of traffic volumes, we feel
that. the volumes obtained for each individual lane at sach
intersection provided w with a range of volumes good enough

Y%

for the purpose of this thesis. Table No. 1 shows these

'hourly volumes projected in each case from our population

‘samples. In other'words,'we»think.that the VOlumés of

traffic which were analysed show enough variations so as

to'serve our purpose of.studying’thé 1bngitudinallflow‘

pattern of traffic at different volumes.

EXTRACTION OF DATA

Our work consisted of observing at each location
the headways in individual lanes and in the two combined

through lanes, Although the method used was very tedious

‘and required a considerable period of time, it was very

simple. It consisted of turning the projectér manually -

until the right front tire of a vehicle was approximately

even with our screen reference line and then of recording
the corresponding frame number. Knowing the camera speed,
which in our case was always 8 fromes per second, the
headways could be simply obtained by subtracting the

consecutive counter readings and then dividing by the



TABLE NO. 1 |
SUMMARY OF THE PROJECTED HOURLY VOLUMES (IN VPH)

TOCATION DRIVING TAVE PASSING LANZ | DECELERATION LANE TOTAL .
, ALL LANES
DIXON RD. 1460 658 86 196l
ISLINGTON AVE, 562 1096 | yn 2332
DUFFERIN ST. | 950 - 161l 328 2892
AVENUE RD. . 852 1788 | 622 _ 3262

at
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camera Speed, which was 8 fremes per second. We followed the
same method for the fowr study locations. At each location,
we ran thehfilm”three times, first recording simultaneously
the headways oflboth the driving and passing through lanes,
secondly recording the deceleration lane headways and
thirdly recording the headways for the two combined through
lanes, | | |

At first, we recorded the headways for periods
of fifteen minutes, which was approximately half of the film

Spools, and when headways for each lane had been recorded,

We automatlcally reran the film in its entire length, which

corresponded approx1mately to a oeriod of time of thirty
(30) mlnutes,vthis time counting the vehicles in each lane.
The next s#ep-was to project these volumes to hourly volumes
by assuming a linear relation which we felt would be
accurate enough since the filming having been done at peak
hours, the'volumes of fraffic observed were so heavy and

the traffic flow so regular as to assume the same regularity
for the second half‘hour. This has proved to be. true at a
later stage of this thesis when we decided to reduce owr
samples to 200 vehicles to simplify the calculations and we
found negligible differences between the volumes projected
from the time corresponding to the first 200 headways and
those projected from the volumes observed during the entlre

length of the spools. The headway sample means calculated
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from both sets of data also showed negligible differences.
Therefore, we have good'reasons to affirm that the estimated

hourly voiﬁmes”projected from our sample means closely

‘represent the existing hourly volumes at the time of filming;

In any futwe similar type of study, we would recommend
that traffic counts be taken at the time of filming so as

to give an opportunity to checik the estimated figures.



III. EXPERIMENTAL RESULTS

THE CONCEPT OF HEADWAY

The longitudinal pattern of traffic flow cen best

be analysed by the measurement and examination of the gaps

 between vehicles. ‘But this can be done in several ways.

One way is to measure the distance in feet between vehlcles.
Another way is to me asure the distance from the beginning

of one vehicle to the beginning of the next vehicle. 1In

beifher case, individusal or average spacings between

vehicles can be determined. However, from observation, 1t

" has. been found that the minimum or "3desirable" spacing

(1.e. the distance to the vehicle shead that the motorist
accepts as a safe dis tance so thatvheVWill ha.ve enough

time to react in case of emergency) varies as some function
of the veiocity at which the vehicles are travelling.

Thus while a distance of 50 feet to the preceding vehicle
may be acceptable at‘a gpeed of twenty five miles per hour,
the motorist would no doubt prefer a greater distance if his
Speed is sixty miles per hour. 'Therefore'we can see that

it is not suf ficientto compare the‘spacings of vehicles in

terms of linear distances without considering also the

vehicle speeds.

- -18-
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+ » .
A more convenient method to measure these gaps 1is
in terms of units of time réther than distance, the second

being the usual unit used. The elapsed time from the_passing

" of the front (or any other part) of a vehicle past a fixed

point until the same pért of the next vehicle passeS the
same poinfkis termed a "headwaj".. The examination of
headways in a traffic stream does not have to be correlated
With speéds‘sincé a‘desirable headway doeé not vary much

with speed. The variation of-desirable headway as related

‘Eo variation of speed is very small and can be neglected.

Another reason why the "headway" concept has to be preferred

to-a Liﬁeér.Spacing concept in stream analysis 1s that while

the latter is a direct measure of traffic density, the

headway is a direct measure of the rate of traffic flow,
which is easier to determine and at a lower cost than the

traffic density. Therefore, this concept has been used

throughout the length of this thesis.

A study conducted by 0. K. Norman, of which the
main results have been‘summarized in Pigure 7-6 of Traffic
Engineering by Matsén, Smith and Hurd(7) Suggesfs that a
headway greater than nine (9) seconds ié cosidered to mean

that the following vehicle is operating in a free flow

' condition and is not influenced by the vehicle shead. For

'headways smaller than nine (9) seconds, the absolute speed

of the rear vehicle begins to fall rapidly to approach the
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speed of the vehicle ahead, and there ® a marked'drop in the
relative speed of the first and trailing vehicles, thus
indicating that the trailing vehicles adjust their speed

to the leading vehicle, and therefore that the former is

operating under restricted flow conditions. The preceding

vehicle is considered to exert some influence over the

~behaviour of the following vehicle.

Although we expected to observe in owr study a
gféét number of headways smaller then nine (9) seconds,
thus losing that "éompléte'randomness"vupon which all the
thééry of;probability and statistics is based, we decided
that at#tﬁtistical approach was justified since we felt
that thefefStill was left in our tfaffic stream a certain
degtge oftgndetermination and randomness. Furthermore, this
was our main objective to find out Wbere a statistical

approach could be applied or at what point such an approach

ceased to be realistic,

THE POISSON FORMULA

{

Previous observations have shown that the distri-

bution of headways ina traffic stream,doeslnot display a
central tendency about the mean, i.e. is not a "normal"
distribution in a statisticai'sense. The experience has
shown that most of the drivers tend to travel at headways

less than average while only a few drivers exceed the
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average value, usually by a much larger émount. ‘Fig. No. 7
is a typical headwaj distribution curve. This suggests that
the headw;y @istribution.might follow the function derived r
froﬁ probability laws known as the Poisson distribution. If
we examine our own data for one of each type of lanes
studied (see Fig. 8,‘9, 10, 11), it becaneé readiiy apparent

that the resulting curves have approximately the same shape

_as-the previous typical headway distribution. It seemed
‘therefore reasonable to anslyse in more detail our experi-

‘mental 6bservatiéns, even 1if it was known that‘theoretical

and observed results would not coincide exactly.

The Poisson distribution is given by:

P(x) = S | 1y

where P(x) the probability of x events occurring.

X = l’2’....0n0

m = the expected number of events occurring on
any given observation, i.e. the mean of x,
ave (x) or X = m,

e = the base of Naperian logarithms = 2,71828.

Applied to traffic, the definitlon of terms

becomes:

probability of the arrival of x vehicles at
a point during a given length of time.

P(X)

m = meéh number of vehicles arriving in the given
length of time = _tV .,
3600

given time length of gap (sec.)

ct
It
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V = hourly volume in VPH,

- If the hourly volume 1s not known, m =

4 er

where X = the average of observed headways. Since a

‘headway corresponds to a period of time during which no

vehiclé arrives, substituting zero (0) to x in the above
formula (1) gives:
P(0) = e™™m® = oM o (2)
0! _ '

which may be interpreted as the probability of occurrence
of headways equal to or greater than-é selected time t.

Following what was mentioned above, formula (2) can be

»writteh in two dif ferent ways, as follows:

p(t) = o~VE/3600 | (3)

where P(t) = the probabiiity of occuﬁfence of a headway
greater than t seconds

and V and t are defined as above;

or  P(t) = oo/% | | - (L)

where P(t), t, and X are defined as previously.

Since ﬁhe hourly volumes were.nof known at the
time of computations, we used formula (L) rather than
formulé (3) but we would have 6btained the same results
in using the latter since the hourly volumeé have been

based upon the headway sample méans and since (as previously
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A\

stated) the proportion between their time of obsefvation

and the hourly volume was a linear one.

SAMPLES

As previously mentioned, when we began exfracting
the data with the pro jector our samples were drawn from a
film running time of appfoiimately half a film spool or 15
minutes. The result was that“our sample varied from lane
to lane and from location to location, since we dealt with
differént volumes during the same elapsed period of time.
At a later. stage however we realized that using a cons tant
sample would greatly simpllfy the calculations and make them

less tedious. Therefore, instead of drawing owr gample

from a constant time of observation, we observed a constant

number of cars, no matter what was the elapsed time of
observation. We felt thata sample of 200 cars would be
sufficient to obtain a statistically stable sample and
therefore decided to analyse this sample at each location.
This sample stabllity was well demonstrated since we
obtained approx1mately the same hourly volumes and the same

sample means when we calculated them uging in 4 1 cases. the

two sets of samples.
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SAMPLE MEANS AND VARTANCES

. There were two wéys to calculate the sample mean.
One was to observe all headways of ouf semples, suﬁ them up
and theﬁ divide by the total number of observed headways,
which in our case was 200. Since this method requiredbthat
we knew the exact valué of each headway, it was rejected

since it involved a considerable amount of calculations

if we consider that we had to study a total of sixteen (16)

samples, each one involving two hundréd (200) figures.
Another one was to divide the total time of observation by
the number of vehicles observed. This method, much simpler
than the latter, was used. The total time of observation
cquld be easily calculated by recording the frame nurber
corresponding to the two hundredth (ZOOTH) vehicle and thén
dividing4by,the'camera speed (8 frames per second). If we
let Y = the frame number corresponding to the passage of

the 200th car, the sample mean X is given by:

- _ TOTAL TIME OF OBSERVATION = Y = Y .
X = TOTAL NUMBER OF OBSERVED VEHICLES 8 x 200 1600

The sample mean X being known for each set of
data, the sample variance 52 could easily'be obtéined bj
using the well known formula:

o .

2 =2 p.
gc = Z (x3-x)¢ ¢
12 ( ln-l i

where 52 = the sample variance
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i

= the sample mean

K = the number of cells

xi = the cell midpoints

fi = the cell frequencies

il

' K
n = the total number of observations = 3. fi = 200
i=1

HOURLY VOLUMES

The hourly. volumes projected from our samples

have been obtained as follows:

Hourly volume = No.,of observed headways x camera speed x 3600
. ' - Frame number corresponding to the 200th wehicle

200 x 8 x 3600 + 1.
Y

As_we noted eariier, we have good reasons to believe_
that the theoretical hourly volumes calculated by the above
formula coincide closely with the actual volumes which would
have been recorded, had we counted the traffic volumes during
one howr at the time of the filming. Table No. 2 gives'a_ 

sunmary of the calculated sample means, sample variances

“and houriy'volumes for each individual lane and through

lanes combined.

OBSERVED HEADWAYS .

Having a mathématical tool to work with, it is now

possible to examine the data obtained in the present thesis

+ 1



TABLE NO, 2

SUMMARY OF CALCULATED.SANPLE MEANS (%),
SAMPLE VARIANCES (S2), HOURLY VOLUMES AND 1/%.

LOCATION "TYPE OF SAVPLE T SAMPLE HOURLY
LANE MEAN (%) = VARTIANGE (S2) VOLUME (VHP)
oI

DRIVING 7.85 0.127 30.16 ' 1160

DIXON ROAD PASSING 5.18 0.182 32.18 658
ECELERATION ly.26 0.235 16.72 8116

.- | DRIVING 6.2 0.156 17.96 562

ISLINGTON AVE. .| PASSING 3.28 0.305 - 9.78 1096
DECELERATION 5.35 0.187 , 28.53 67h

DRIV ING 3.80 0.263 6.5 950

DUFFERIN ST. PASSING 2.23 - 0.8 1.6 16

DECELERATION 10.97 0.091 ©102.32 32

: DRIVING .23 © 0,236 - 8,97 , 852

AVENUE ROAD | PASSING 2,01 0.1198 1.88 1788
 DECELERATIN 5.80 . 0.172 28.43 I 622

DIXON ROAD 2 THROUGH L. 3.22 0.311 7.L5 1118
ISLINGTON AVE. | 2 THROUGH L. 2.17 0.461 3.79 1658
DUFFERIN ST. 2 THROUGH L. 140} 0.712 C1.23 256l
AVENUE ROAD . | 2 THROUGH L. 1.36 0.733 1.29 26110

Tt
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and see how close they fit with the theoretical Poisson

distribution. In order to do this, we first calculated the

theoretical Poisson curvé for each set of data, using the

formula P(t) = eft/x in which X had already been calculated
(see Table No. 2). This was easily done with the help of
Exponential Tables(g). The next step was to classify our

observed headways inlcells of one (1) second intervals and

to tabulate the observed cumulative cell frequencies. Since

the theoretical distribution-is a 100%-cumulative frequency
diétribution (1.e. it gives the % of headways greater than

a given value), we also tabulated the 100%—cumulativé cell

frequencies of the observed headways in order to plot and

comparevthevtheoreticalvcurves with the one obtained from

our data. Tables A-1 to A-16 (in Appendix A) and Fig. B-1

to B-16 .(in Appendix B) show the observed results and their
corresponding curves together wibh the theoretical results
and their corresponding curves; -also included are the -
theoretical results and curves obtained from the Erlang
distribution, used at a later stage of this thesis.

When we observe the Tables and Flgures mentioned.
above, we notice great discrepancies between the experimental
and theoreticél results. We certainly cannot conclude'by a
mere observation of the curves a very close fit betwéen the
observed headways and the theoretical probability curveé.

This wasto be expected because of the nmature of the Poisson
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" distribution (3). Being derived as a limiting form of the
binoﬁial diétribution it applies only when the number of
possible‘evenps is large (theoretically, infinite) and the
probability of occurfence of any individual event in the
time intervai considered is small. An exXxample of the kind
bf date which we would expect to find distributed in the
Polsson form would be the number of accidents happening at

a very busy inﬁersecﬁion; or the frequency of headways of

a given length on a road where the traffic volume is
extremely small. This is obviously not the case at ow
study locations. The traffic volumes observed at the time
of filming sre so heavy that the probability of occurrence
of & headway of any small time léﬁgth is very large and the
number of possible large headways is very smell. The

reason for studying the headways on the deceleration lanes
wes precisely that when we began our study, we thought that
these lanes woﬁld carry the small volumes for which a

. Poisson distribution might apply. Unfortunately, after
projection of our data to hoﬁrly traffic volumes, we
 discovered that only one out of the four (l) deceleration
lanes studied had a relatively small volume. This happened.
invthe deceleration lane at Dufferin 3t., where the pro jected
houfly volume was 328.vehicles per hour, Of all the Figwres,
Fig. B-9 is prdbablj the one where we can observe the |

closest fit'between the experimental curve and the theoretical
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Poisson curve. Although the two curves do not fit perfectly, -

they are very close to each other for headways greater than

four (L) seconds. A statistical test performed at a later

stage of this thesis to check the goodnesé of fit of the
experimental and theoretical curves will show that even if
the two curves above mentioned donot fit statistically,
they fit much better than any other similar.set of two

curves at each study location. Although the statement of

.-definite'conclusions would have to be supplemented by

otherlstudies, we feel that this is an indication that the
Poi;son'distribution may be the best model to describe the
headway)distribufion at small volume of traffic. This alsé
might bejéh”indication of the volume which should;be
défined'as*a "small volume™ in order tiat the Poisson
function gives a fit.

From the observation of the Figures, we notice
that all curves follow approximately the same generall
pattern. But there are so many variations among them that

we can hardly find a relation between the traffic rate of

.~ flow and the goodness of fit of the observed headway

distributions with the theoretical Poisson distribution.
If any trenxd is to be bbservéd, it might be that in most
cases (if not in all) the discrepancy between the

theoretical and expérimental curves tends to decrease as

the headway time length "t" increases. This suggests that
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the observed data might be represented better by two

distributions, orne for small spacings and one for large

ISpacings. This idea of a "double distribution" was first

suggested by Greenshields (2) who once obtaihed a good fit
with a distribution for headways less than li seconds and
another foroheadways of mre than L secords. Tt would
therefore be intéresting to check whether our data follow
this kind of pattern;

As already mentioned, the Poisson function

applied to the distribution of headways is of the general

formy = eX (see eg. 2) which may be written:

logey = X.

Thus' the equation plotted on semilog—paper becomes a straight
line with a negative slope since X = -m. When we plot.our
data on semilog-paper, we get the curves shown on the Figures
G-1 to C-16 in Appendix C. It appears that the greatest
discrepancies occur for large headways but this is not the
case and simply due tokfhe semi-log scalé. In only 3 cases
out of 16 the data were more closely fiﬁtéd by tw straight
linés. And of these three, it will be seen later that one

fits the Polsson distribution_at the 2.5% level and theréfore

should not give a better fit with two straight lines. The

fact that the combined through lanes of Dixon Road (see

Figure C-13) appear to be best represented by two lines when
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in fact it fits the PoiSson formula is here again due to the
semi-log scale. Indeed, we had to break the line for oniy a
few poinﬁs wh;ch are found in the larger headway range where
we find the minimum deviations between the experimental and
theoretical results but at fhe same time the maxiﬁum
discfepancies due to the semi-log scale. In the Islington
driving lane (Fig. C-li) and deceleration lane (Fig. C-6),
the only cases left where we have the two_straight lines
pattern, the change of direction on the'lines occurs at
approximately 13 ard 9 seconds respectively. Although the
Intersection of the two stralght lines is very sensitive
with respect to position of the two lines and these lines
are only'band fitted within a specified range, we do not
believe that thié is enough to explain the dis crepancy in
the "location of the breaks" of the curves which in
Greenshields' study occurred at L} seconds. From all this,
it appears that the theory developed by Greenshields can
hardly be generalized but is rather determined and‘influenced

in each case by different location factors. Other studies

 previously done on the same subject by J. L. Vardon (11)

and J. W. Wise (13) also showed great discrepancies with

- Greenshields!' curves and therefare prove that we cannot

generalize this concept of a multiple distribution, each
random in its limited case, as one which would apply in all

cases,
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Greenshields (2) has also shown that for each
plotted boint there is a ccrrespondiﬁg range of expected
error or natural uncertainty caused by the fact that "unless
*fhe sample is very large there is always a difference

between the sample valuss and those of the universe™. This

natural uncertaihty; based on the standard deviation of the

sample, is obtained from the formula:

- \[n . — 10| ' I
Z -VH-]_ fo ( 1 n ) _ (5)
where n = the total number of happenings recorded
fo = the accumulated frequency,"
Since in our study n was always equal to 200, the factor _

_ET is so -very close to unity that it can be neglected and

n—
the equation becomes:

s Ve (2 - )

These figures have béen calculated for each point and plotted

in Figures C-1 to C-16. With a few exceptions for'poiﬁts_in‘
_the (0-2) secornd interval, the lines drawn through the-

experimental points stay within the natural unCeftainty
range, from which we can conclude that the data can be
represented by a straight line. Even in the combined

through lanes of Dixon Road amd the driving and decsleration

‘lanes of Islington Avenue, where the data were fitted by

two straight lines, a single;line‘would stay very clqsely
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within the expected range of error.

Although the best fitting curve appeared to be iﬁ
most cases a s;ngle straight line, it 1s easily observable
from the Figurés C-1 to C-16 that (with the exception of
Fig. C-9) the distribution is not a Poisson one. Bverywhere, .
especially in the small headway range, we obsérve great
variations between the two distributions and the slope of
the experimental and theorétical'curves are different. The
fact however that the experimental data can be closely
fitfed on a semi-log paper by é straight line means that

the model best representing them still has some exponential

'form, more elaborate than the Poisson model and with a

different slope.

THE ERLANG DISTRIBUTION

From Tables A-1 to A-16 and Pigures B-1 to B-16,
We observe many discrepancies between the experimental
distribution and the Poisson distributlon. But a general
pattern common to all cases is that in the smaller headway
range the eXperimental curve 1ies somewhere well above the
Poisson cwrve. Thus the model that we neéd to represent
our data is one which would give greater brobability values
in this range of small headways. We felt that the best
distribution serviﬁg this purpose is the A. K. Lrlang

distribution. Figuwe 12 shows the frlang distribution



Sa(t) or Ay(t)

Mt or At

ERLANG ARRIVAL or SERVICE-TIME DISTRIBUTION,
Probability that the next arrival will occur.
after time 1nterva1 t.

FIGURE 12

39



1o

fof several values of the parameter K; where K=1, the
diétribution is the simple exponential or Poisson case. The
Erleng distribution has been extensively used in telephone
traffic for different purposes such as to calculate the line
hol@ing or waiting time and we felt that similarities
between telephone and highway traffic in crowded situations

are such that it might well be applicable to highway traffic.

NATURE OF THE ERLANG DISTRI BUTION

The Erlang distribution can be thought upon as if
every oncoming vehicle had to pass throuh a series of

exponentiai;channels, called phases, be held in the

eXponentiai channel for a variable time and the released

from the channel before the following vehicle can be
accommodated, Each phase is of the exponential or Pqisson
type but the resulting distribution is not exponential.
There is a possibility of fonuing any kind of dlstribution
pattern by simply adding more and more phases. These
distributions, called Erlang distributions, provide a family
of serviéé—time distributions which range from the completely
réndom exponential type to the completely regular service-
time éituation. This kind of service-time distribution can
be easily interpreted as applying to a freeway toll booth
operation. In such a case, it is perfectly imaginable that

a vehicle has to go through any numb e of phases that we want



L1

before being accommodated by the toll booth facility and the
folldwing vehicle being allowed in the same booth. This is
not so. easily interpretable when applied to the headway
distribution. ‘It is indeed hardly imaginable that the
traffic flow actually goes through such phases., Or if it
does so, it is still more difficult to physically separate
its operation into distinct phases. The only physical
interpretation that we can think of would be to assume a
traffic stream composed of two types of drivers, éach type
représenting a different phase. One phase would include
all those drivers who are always in a hurry and therefore
always keep the distance between their vehicle and the
leading vehicle (the headway) to a minimum. As soon as
they can find in the parallel traffic lane a minimum
acceptable gap, they shift lanes and overtake the leading
vehicle. The other phase would be composed of all the
drivers who, not being in a hwrry, don{t mind to have any
gap length between their vehicie and the leading vehicle.

These drivers are assumed to operate their vehicles as if

they were not influenced at all by the operation of the

other vehicles in the traffic stream. Although this inter-
pretation may not be totally in conformity with the_natﬁre
of the Erlang service-time distribution types, it is fhe

best that we could think of. On the other hand, it was not

so important to us to visuelize a physical interpretation
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to & mathematical model as to find a mathematical model which
would best fit our experimental data. The Erlang distribution
being "less random" than ‘the Poiés;n distribution since it
predicts fewef very short or very long intervals between
arrivals, it appeared to be a mathematical model that might
give a better fit to our observed headway distribution than

Poisson.

The Erlang distribution is given by the formula:

Ao(t) = ‘K“’}: (KAL) (6)

where:

Ao(t) ; the probability that no arrival occurs in
- time t after the previous one.

A ='the mean rate of arrival.
‘K = the number of phases in the system.
n = the number of states in tle system.

e = the "base ofNaperian Logarithms = 2.71828.

Applied to traffic, the equation (6) becomes:

| _kat E=1 *
P(t) = e > (KAL)2/n! (7)
=0 .
where,
P(t) = the probability of occurrence of a headway

greater than t seconds. 3

1l

1/?, X being the average of observed headways.
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Substituting K=1 in (7) gives:

P(t) = e_t/i, which is the familiar exponential or
Poisson distribution (seé eq. l). |
After a careful examination of the family of
Erlang curves as shown in Figure 12, we felt that the
Erlang distribution with two phases (or K=2) had the best

chances to fit our experimental'data, In order to check

‘this, we tried to fit the experimental data of the Avenue

Road driving lane with a three phase Erlang distribution
(K=3):; a test of goodness of fit proved that an Erlang
curve with K=2 gives a better or closer fit. Then we

decided to analyse the fit obtained from the latter at all

study locations. Substituting K=2 in eq.(7) gives:

P(t) = (L+2At) o AT - (8)

As we had previously done for the Poisson distribution,

by substituting different values to "t" in eq. (8), we

obtained for all sets of data the theoretical Erlang

distribution with K=2. These results and curves have.beeh

summarized in Tables A-1 to A-16 and Figures B-1 to B-16.
In 2ll cases, as we expected, this distribution

gives a much closer fit than the Polsson distribution in

the smaller headway range. Then follows a transition

rahge of headways in which we observe great discrepancies

between the experimental distribﬁtion and elther one of



Poisson or Erlang. In this range, we do't observe either

any regularity: in some cases, Poisson gives a better fit,

in other cases it is Erlang. In the 1arger headway'range,
the dlscrepan01es between the eXperlmental data and the
theoretical Poisson or Erlang curves decrease appreciably
but here again we don't observe any regularity. As for the
intermediate range, the experimental distribution sometimes
lies hetween the Poisson and Erlang distributions, sometimes

getting closer to either one-of them but remaining 1n81de,

sometimes it goes outside either one of them. In general

however, the observed dlstrlbutlon tends to be closer to

 the Erlang distribution.

" From Observation of_the results and curves, it
does not appear hhat our obsefved data can be represented
by either one of -the theoretlcal distributions. ‘Further-
more, 1If one of them is to give a flt we can hardly |
determine which one it would be since, although the Erlang
distribution generally lies closer to the observed data,
the determination of a goodness of fit based on a simple
examination of curves 1s usually'very mis leading.

5

TEST OF GOODNESS OF FIT

deveral statistical tests of significance exist
which allow us to determine with more certainty if the

experimental and theoretical data coincide. The chi-square
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(X2) test is the most appropriate to the present appllcation. A

K 2
By definition, X2 = 3 {fo-f5)° (9)
AR = B3 |
where,

- fo = the observed frequency for any ciass interval.

fy = the computed or theoretical frequency for the
same class 1nterval

K

the number of.cless ihtervals.

If n = the total number of observations, then fy = n pg,

pi being the probabilities associated with the class

fiﬁtervals. When we compare the statistics obtained from

2 gistribution with degrees of freedom

eq. (9) with the X
Vzk—r,-whefe'V’is the number of linear restrictions imposed
on the ﬁifference (fo-ft),'we can test if the experiﬁental
data‘eaﬁ be represented by any given theoretical distribution.

2

The X“ tabulated values are the maximum values which the

'sample statistic can assume and yet still be considered as

representing that the experimenﬁal curve does not differ
significantly from the theoretical curve. In other wofdé;'
if the sample statistic obtained from eq. (9) is smaller. .
than the tabulated value at a given significance level cr,
there 1s no ev1dence to indicate that the exuerimental
distribution differs from the theoretical distribution. On
the other hand, if the sample statistic exceeds the |
tabulated value at the same significance level ¢ , we have

(1-a)% of chances of being right when we affirm that the
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éxperimental distribution differs from the theoréticél data.
We could also'say that the probability is less than e % that
the eXperimental and theoreticél curves are the samé,
Cormon significahcé levels are 0.01, 0.025 and 0.05,

We can now use this test to check which one of

either Poisson or Erlang distribution represents more closely

our experimental data. For this purpose, we compared the

experimental observed frequencies (fy) with the theoretical

~ expected class frequencies (ft) derived from both distributions.

As ﬁreviously stated, the expected class frequencies are
obtained'by.multiplying the number of observed frequenciles
(n) by the probability (pi) associated with each class

interval. Although these probabilities could have been

obtained in tables in the case of the Poisson distribution,

the fact that there were not such tables for the Erlang

distribution lead us»to decide not to use the Polisson tables

but rather to use the same proceduré for both dist;ibutions
and calculate them directlyAfrém our results summar ized in
Tables A-1 to A-16. These tables give the probability of
occurrence of a headway greater than a given time t, both
for Poisson and Erlang distributions. The class interval
probabilities (pi) which were needed for the th—square 

tests could simply be obtained by subtracting Succéséively

these tabulated values. Chi-square tests of significance

have been performed for all study locations, each time
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comparing the observed data with both Poisson and Erlang
distributions. These are shown in Tables D-1 to D-32 of
Appendix D. The fact that the class interval probabilities
| (py) indicated in the above Tables have four (l}) figures
while the probability values of Tablés A-1 to A-16 from
‘ whiéh they have been derived have only three (3) figures
is simply due‘to rounding of the latter figures. The chi-
square test results ha&e been'sumharized in Table 3, from
which we can make a few obsefvations,‘ Firstly, only three
(3) out of sixteen (16) sets of experimental_?éta gave a
statistical fit. At Dufferin deceleration lane and Dixon
driving 1An§_', we get a fit with Erlang distribution at the
i% level and a fit with Poisson at the 2.5% level in ‘the
combined through lanes of Dixon Road. The traffic volumes
at these locations were respectively 328, L60 and 1118 VPH.
This is totally opposite'to our expectations, since we
always felt that the Poiséon distribution had best chances
to give a fit for small tfaffic volumes and Erlang for hea&y
volumes. Secondly, out of the thirteen (13) study locations
remaining, most of them (11) gave a closer fit with the
Erlang distribution, with only two (2) being fitted more
closely by the Poisson distribution. Thirdly,>the bombihed
through lanes, with the exception of Dixon Road which gaﬁe
a fit.with Poisson, all fit very nearly with Erlang.

From all this we can hérdly suspect the existence



TABLE NO. 3

SUMMARY OF CHI-SQUARE TEST RESULTS

TOGATION | T¢PE OF | VOLUNE | STATISTICS | CHI-SQUARE | DIFFER- | STATISTICS | CHI-SQUARH | DIF iR~ CLO3ER
LANE © (POISSON) | VALUE (1%) | ENCE _ (ERLANG) VALUE (1%) ZNeE | FIT TO
DUFFERIN ECEL. 328 30.59 - 27.69 2.90 23.30 27.69 1,39 | BRLANG:*
DIXONW DRIVING 1160 W77 C27.69 17.08 25.69 29.1L 3,45 | RRLANG
ISLINGTON | DRIVING 562 65.39 2. 73 10.66 26,74 2L.73 2.61 |ERIANG
AVENUE RD. | DECEL. 622 76.50 - 26,22 50.28 80.51 26,22 511,29 { POISSON
DIXON PASSING 658 - L7.13 26 .22 20 .91 87.03 26.22 60.81 | POISSON
ISLINGTON | DECEL. 67l 71.61 21,73 16,88 57,%1 2h.73 22,68 | BRLANG
DIXON DECEL . 846 | 76,60 ' 23,21 | 53.39 60,3 21.67 39,17 | ERLANG
AVENUE RD. ! DRIVING 852 69,21 21 .67 L7.50 29.80 21.67 8.13 | ERLANG
DUFFERIN | DRIVING 950 127.39 20.09 | 107.30 60.16 20.09 110,07 | ERLA:
ISLING TON PASSING | 1096 71.31 20.09 | 5L.72 L6.06 18.48 27 .58 | ERLANG
DUFFERIN | PASSING | 161 115.69 16.81 .983,88 36.95 15.09 21 .86 | ERLANG
AVENUE RD. | PASSING | 178 163.70 - |. 15.09 148 .61 71.32 13.28 58.0L+| ERLANG
DIXON 2 LANES | 1118 1;.95 16.01 . 1,06 53,52 . 18.48 35,0l | POISSONX
ISLINGTON | 2 LANES | 1658 '31.12 16.81 1.31 20.06 18.L8 1.58 | BRLANG
DUFFERIN 2 LANES | 26110 37.25 13.28 23.97 11.04 p} 9.21 : 1.83 | BERLANG
AVENUE RD. { 2 LANES | %256l 59.24L 13.28 115,96 11.17 9.21 1.96 | ERLANG

NOTE: =x - Fits at the 2.5% level.
# - Fits.at the 1% level.

8
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of any relationship between the traffic volumes énd the
application of either Poisson or Erlang. It appears howevér
that the Erlang distribution generally represents the headway
distribution bétter than the Poisson distribution, although
neither one gives an accurate representation of the actual

observations.

SIMULATION BY PARALLEL ARRANGEMENT

The next stép was.to try another probability

-diétribution which would fit the experimental data closer

than the previous distributions. The Erlang distribution

- Wwas definedbfbr integer values of the parameter K and greater

than unitj}i We feltthat it would be interesting to try a
distribution where the value of K is smaller than unity.
Such a value would correspond to a situatibn "beyond"
Poisson, which might be called hyper-random., We felt fully
justified in frying this new approach since the authors Qf 
a recently published research project (l) on the séme

subject declared: "there seems to be some evidence that a

"multi-lane freeway with very high traffic volumes might

be hyper-random".

A model which gives éuch hypef-exponential
curves is one, as in the case of the Erlang distribution,
that assumes exponential channels. But unlike Erlang,

where these channels were arrsnged in series, this one
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would assume a parallel arrangement of channels (8). Tt

is represented by the density function:

. =20 -2({1-
So(t) =gt 4 (1.¢) ¢2(1-0)nt (10)
When applied to traffic, eq. (10) becomes:
| _-2ct o
P(t) = Ce X+ (1+0) o~2(1-0) /% (11)

where P(t) and X have been defined in other sections of this

_-theéis and OLd/3.

‘“Oﬁr_procedure was first to determine'the parameter ¢ ,

which was given by the equation of thelsecond‘degree:

5 =2 1-2¢)2 ] . =2 | |

where j equals the expression in the brackets. (j31) and

_32 = the-éémple variance. Then, having determined g , we

could calculate P(t) from eq. (11), for different values of
t. When looking at the curve patterns of eq.(10) which are

shown in Figure 13, we had good reasons to believe that

fsome of our set of data, especially when the observed dis-

~tribution lies for a great part below the Poisson curve,

wbuld assume a similar type of distribution withldifferent;
d and j values. _

| When we solved eq.(12) by substituting the X's and
32'3 values of all sets of data, we thained imaginary roots

\,

for ¢ in all cases but:one, md it was in the passing lane
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of Dixon Road. The resulting equation was
:u.07¢2 - L4.07¢ + 1 = 0, whose solution gives ¢ = O.uéé.
Since s° - 3 ivz, 32.18 = (S.LJ,B)2 j, from which j = 1.07.
Thus the theoretical distribution at the passing lane. of
Dixon Road would be en.hyper—exponential one but located'very
cloée to the exponential or Peisson curve. This agrees '
" with the results obtained when performing the chi-square
teets. Tn this case we had found out a closer relation
~with Poisson than with Erlang but not a statistical fit.
The only other case where Polsson gave a closer fit than
- Erlang was in the deceleration lane of Avenue Road
Logically, we would have expected here a fit with an hyper-
eXponentlal curve, although less than at Dixon Road since
the dlscrepanc1es in the small headway range are larger.
The fact that we did not obtain any real equation for ¢
“in ﬁhis case would indicate that the experimental distri-
bution is better represented by a theoretical distribution
located somewhere between Poisson and Erlang. We feel that
the‘same conclusion could be applied to all cases where
we did not obtain a fit with elther Polsson or Erlang but
where Erlang gave a closer fit. Althodgh we did not compare
our data with an Erlang distribution with K=3, we believe
that the best fitting distribution is of the Erlang'eype

with a K value between 1 and 2.
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RELATION OF PARAMETER K TO VOLUME

Since the Erlang type of distribution appeared to

‘us as a model susceptible to represent our experimentalldata,

the next logical step was to find out if there is a linear
correlation between the K values and the traffic volumes. .

If we could find such a eorrelation, We possibly could try

to fit our data with a Gamma function which is an Erlang

type distribution but has the advantage to work for any

: value of K. The coefficient. of variation of K was 1/YX

and was equal to the sample standard deviation divided by

theeSémplebmean. Thus

, from which we get:

i

3
X

(13)

=
Il
W

The K values were first calculated for all individual lanes

* and plotted against the traffic volumes. Immediately it

was obvious that the large amount of scatter ruled out a

perfect relationship. The data was then analysed statistically

to see if there was any linear relationship at all. The

square of the correlation coefficient for pairs of measure-

ments was calculated since this value would be a measure of
the linear dependence of one set of values on the othera
The traffic volumes were de31gnated as xi while corresponding

values of K_were designated as Yi. 12 pairs of measurements
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were suitable for analysis.

Then the square of'the'cqrrelation coefficient
\rxyz) is given by:

D) [(nZxiy; = ZF12 Yi]

Py = (1)
M (aS(x2)-Ex) %] in)—Gyi)ZJ

In the present case,

= 12; Tx; = 10,450;X y; = 20.23; Zx4iyi = 19,323.78

Z (x1)2 = 11,256,428; T (y1)2 = 39.28; (¥ x%4)% = 109,202,500;

1409.25.
Substituﬁing'these values in eq.(ll) gave

Q'Yi‘.) 2

r2£Y' O 261, therefore the K factor is only 26.1% linearly'
dependent upon the volume of traffic.
: The above test was then repeated u31ng values for
the combined through lenes. In this case,
- L xs = 79803 Z 31 = 5.65; Exiys = 11461.905
% (x1)2 = 17,542,584 Z (y1)2 = 8.04; (x1)2 = - 63,680 1400
€y1)2 = 31.92; r°xy = 0.371.
Then, in the case of the combined through lanes, the K
zféctor is only 37.1% linearly dependent upon the volume.
 The enly conclusion to be dfewn,from these figures would be
that the K factor assumes a slightly more linear dependence
upon the volume when we consider the traffic stream as a
whole rather than when we consider each ind1v1dual lane.
Although the values of 26.1% and 37.1% are quite

low, it was felt that a "best" stralght line should be



determined in any case., This line is calculated'by the

method of least squares and has the form:

y -7 = byx (x-x)

where X and y are the means of the x's and the y's,

and,

b _ nZxiy; - @x3) Eyi) (15)
A | nZ(xg)¢ - (£x4)2

-Ih £he’case of individual lanes,

C. ¥ = 10,450 = 870.83; ¥ = 20.23-= 1.69
e - 1o

and for the combined through lanes,

X = 7980 = 1995; | ¥ =5.65 = 1.41
Substituting these values of X and § and the above values
for n, Txi, 71, Ex1y1, 2(x1)2, (€x1)2 in eq.(15), we
respectively obtained:

b

g.x = 0.00079; and by,x = 0.00012,

Thus, the "best" straight lines for each individual lane

and the combined through lanes are respectively:

g - 1.69 = 0.00079 (x - 870.83) (1ine A)

.y - l.41 = 0.00012 (x - 1995) (1ine B)

These lines have been plotted in Figures 1l and 15,
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It should be emphasized that these two straight

lines are not necessarily the best curves to fit the data

but are merely the best "fitting" straight lines. Ve

know from the values of the cofrelation coefficients that
there is a very small linear relationship between theh

parameter K énd the traffic volume. The true relat;onship
is certainly a more elaborate one and would be represented

by an equation of a higher degree{ It was not felt however

to be worthwhile to find out “this true mathematical relation-

shiﬁ:since this would lead to a theory too elaborate for
ﬁfa¢tical'application. For all practical purposes, especially
if acou:éé&fis not required, we believe that these lines

ére reliéblé enough to show which value of K corresponding

to a givéﬁ volume should be_uséd_when working with a

Gamma function,

RELATION OF PARAMETER K TO TYPE OF LANE

From what we have éeen, we lknow that the relation-
ship between the K values and the volumes of traffié is
not a simple one. Let's now reclassify these K values, but
this time in‘relation to the type of lane énd the study-

location. Table li shows such a classificatlon.
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TABLE I
CLASSIFICATION OF K VALUES IN RELATION TO
TYPES OF LANE AND STUDY LOCATIONS
TYPE OF STUDY LOCATTON : TOTAL
LANE Dufferin}| Dixon Rd. | Avenue Rd. | Islington
Decelera- : A
tion 1.18 1.09 1.18 1.00 L.L5
Driving 2,2l 2.0 1.99 2,30 8.57
Pasgsing 3.03 0.93 2,15 1.10 7.21
TOTAL 6.145 l4.06 5.32 | L.jo  |20.23

_ From observation of the above table, there appears
to ex1st a relatlonship between the parameter K and the type
of 1ane. We notice thatall values of K are close to unity
for the deceleratlon lanes,‘and‘close to 2 for the driving
lane; we observe no regularity in the case of the passing
lanes. However, it is not certain that the type o lane

is the only influencing factor. It is also possible that

" these values could have been influenced by the study

1ocation itself. The best way to determine the interaction
of these factors was to carry out a well known statistical

procedure, the analysis of variance.

Since the method of performing an analysis of

_variénce can be found in every textbook of Statistics, it

was not felt necessary to explaih it here. A summary of

this table is included, howevef,.es well as the computations
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leading to our results. Table 5 shows the teble used to

analyse our data and the'results are summarized in'Table 6.

TABLE §

GENERAL ANALYSIS OF VARIANCE. TABLE.
TWO~WAY CLASSIFICATION WITH INTERACTION,

Source of Sum of Squares Degrees of Mean Square
Estimate S. of S, Fr.eedom(D.F. M.S.
MEAN .2 1 |
v | /
BETWEEN EET. i - T.. ny - 1 S.of S./ni-1
. ROWS nj N
BETWEEN 3.2 - 1.2 nj - 1 S.of S./nj-1
COLUMNS ny - N
. N ,
INTERACTION ,ZZX§5-22§31 - | (ni-1)(nj-1)| S.of 5./(ng-1) (nj-1)
ni. N
2
TOTAL - - Z X N = njinj
1] -

where Xj j = the observations classified in nj rows and nj

columns; N = njn;; T.j = Z.Xij; Ti. =ZX1j; Pee = Z_Xi'j;'
: nj ni 1

In our case (see Table 52), ni = 3; njy =L; N = 12;
Sx215 = (1.18)2 + .ee... + (1.10)2 = 39.27; /

ij _
1..2 = (20.23)% = 311105 $ 2.2) = (L.LS5)2 + (8.57)2 +(7.21)°
N 12 ~ nj N L L
= 36.31;2'&,22 = (6.45)2 + (4.06)2 + (5.32)2 + (4.10)2
ni 3 3 3 3
= 35.2l.
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Thus the variation due to the type of lane = 36.31 - 34.10
= 2.21; the variation due to the study location = 35.2l -
34,10 = 1.1l; the interaction = 39.27 - (34,10 + 2.21 + 1.1h4)

= 1.82'

We can now set up the following analysis of variance table:

TABLE 6

ANALYSIS OF VARIANCE TABLE.
ALL THREE TYPES OF LANE INCLUDED.

SOURCE OF. SUM. OF SQUARE D.F. MEAN SQUARE
ESTIVATE . | S, of S. M.S.
Mean . - © 34.10 1
Between TYﬁQs | | )
of Lane 2,21 . 2 2.21 + 2 = 1.05
Between Study ' | | -

Locations 1.1L 3 1.1 + 3 = 0.38
Interaction . 1.82 6 1.82 + 6 = 0.303
Total R 39.27 12
The above results allow us to carry out a few tests of
significénce:_ )

1. Let's check the hypothesis that the study location

does not affect the factor K at the 57 level.

From our table, 0.33 = 1.26
: - 0.303

From the F-distribution, F(3,6, 0.05) = L.76
Since 1.26 £ ;. 76, this means that the test 1s not
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significaht and. therefore the statéd hypothesis is true.
Thus the study location does not affect the K factor at
the 5% 1evei.;.Thié conc Jusion is very satisfactorily
accepted since if the opposite had been true, it would
have indicated that our results are simply due to chance
and.not conclusive in any way.

2. Let's now check the hypothesis that the type of
lane does not affect the factor K at the 5% level.

From our table, 1.105 =73.6L

From the F-distribution, F(2,6,0.05) = 5.1l
' Sinde-j.éu < 5.1, this means that the teét is not
signifiéaﬁtgéhd therefore the type oftlane does not affect‘
the K facﬁbf. In other words, the obtained results give no
evidence of a relationship between the type of lane and the

value of X, It need not be emphasized that this is a very

disappointing conclusion since such a relationship had

appeared'étrongly possible from observation of the results,

We believe that the fact that the st did not turn signi-

ficant can be_eXplained by either one of the‘following

~ causes: the number of observations was insufficient, thus

providing no solid ground for a statistical analysis; or,

what.is more probable, the discrepancies between. the X

values of the passing lanes are so great that they may
cause the test not to be significant. Although the first

cause was quite possible and certainly cannot be eliminated,
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we felt that it was beyond the scope of this thesis bo

investigate it. The second cause could be simply checked
by analysing ;he variance of the dafa for tte driviﬁg and
deceleration ianes, thus excluding the passing lanes where
the greatest variations in the value of K were found. An
enalysis of.variance was then carried out for the data of

Table 7:

TABLE 7

CLASSIFICATION OF K VALUES IN RELATION TO
STUDY LOCATIONS AND TWO TYPES OF LANE ONLY.

TYPE OF  STUDY LOCATION TOTAL

LANE Dufferin | Dixon Rd. | Avenue Rd,| Islington
Décelera-:;’ | |

tion | v 1.18 1.09 1.18 1.00 - | L.L5
Driving 2.2 2.0l 1.99 2.30 8.57
Total | 3.42 3.13 | 3.17 3.30 | 13.02

In this case, nj = 2; nj=1L; N = 8;

§E2Xij = (1.18)2 + .... + (2.30)2
1. '

23,403 T..2 = (13.02)2
N 8

= 21.,19; ZT.ZJ‘ = (LL-’[LE)Z + (8‘-57)2 = 23.31;
nj

5 71.% = (3.42)2 + (3.13)2 + (3.17)2 + (3.30)2 = 21.22;
'ni 2 2 2 2

'The variation due to type of lane = 23.31 - 21.19 = 2.12;
the variation due tb‘study location = 21.22 - 21.19 = 0.03;

From this, the following analysis of variance table (Table
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8) was set up:
TABLE 8
ANALYSIS OF VARIANCE TABLE.
PASSING LANE EXCLUDED.
SOURCE OF : SUM OF SQUARE D.F. MEAN SQUARE
ESTIMATE Sae 0f S. M.S.
Mean . .21.19 1
Between Types | NS
of Lane 2.12 1 2,12+1 = 2.12
Between Study
_Locations 0.03 3 : 0.034+3 = 0,01
Interaction 0.06 3 0.06 +3 = 0.02
Total B - NI 8
We can ndw‘verify the same hypotheses as previously:
1. .~ - Hypothesis: the study location does not affect the

. parameter K at the 5% level.

From our table, 0.0l = 0.5
0.02

From the F-distribution, Fk353’0.05) = 9.28 ‘

Since 0.54&9.28, the test is not significant. There-
fore there is definitely no evidence to indicate that the
study location affects the value of K,

2, Hypothesis: the type of lane does not affect the

‘parameter K at the 5% level.

From our table, 2.12 = 106
O.O2
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From the F-distribution, F

i .(133;
Since 106 $»10.13, the type of lane is revealed as a

0.05) = 10.13

highly significant effect. This 1s a very interesting
conclusion that we had expected when we first observed
Table I} and suspected a trend between the type of lane and
the factor K.

According to thils, the headway distribution of an

urban freeway would be theoretically represented by different

.distributions when we consider each lane separately. The
deceleration lane headways would.be.best represented by an

Erlang distribution with K=1, which is the Exponential or

Péisson'diétribution; in the driving lane, a good theoretical
model would be an Erlang.diStribution with K=2; finally, the
passing léﬁe assumes so many variations that a specific
Erlang curve does not apply in all cases but any bné of

the family could apply in individual cases. These
conclusions ‘coincide well enough with what had already

been obtained when performing the chi-square tests to

compare the goodness‘of fit of Erlang (K=2) end Poisson‘
distributions %o our experimental data. These tests had

first indicated a better fit with Erlang (K=2) than with

_Poisson in all driving lanes. In one occasion (Dixon Road) ,-

there was a statistical fit and one was very close
(Islington). However, there is partial disagreement when

we come to the deceleration lanes. Indeed, only one out
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of four deceleration lanes (it was at Avenue Rd.) had given
a closer fit with Polsson when checking with the chi-square
test. Two had showed a closer fit and one had given a o

statistical fit with Erlang (K=2), although in this last

- case a fit with Poisson was very close, the difference

between the chi-square statistics and the tabulated value
being as small as 2.90. These discrepancies are not easily

explained but we think that the conclusions drawn from the

‘analysis of variance table are much more reliable than those

suggested by the chi-square tests. While the enalysis of
va;iégce gives a positive evidence when it is significant,
a significaﬁt qhi—équare test oniy prqvided us with a
negative aﬁd indirect evidence if we consider the criteria
that we‘usédlto decide which_onevof Erlang (K=2) or Poisson
distribution best_repreéentéd our experimental data.. This
criteria was based upon the minimum difference between the

statistic obtained when fitting our data to elther one of

. Poisson or Erlang and some tabulated values. This will be-

best illustrated by the following'example: In the Islington

deceleration lane, the inference that Erlang (K=2) gives a

better fit than Poisson was based upon the fact that the

difference between the statistic derived from Erlang (57.41)

~and the chi-square tabulated value (24.73) is smaller than

the corresponding values (71.61 and 2L.73 respectively)

obtained when fitting our data to Poisson. We believe that
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such an inference still provides evidence but rather negative
as compared with the evidence provided by an analysis o
variance table, Since the closer fit to‘Erlang has also

been decided according‘to'the same criteria in the case of

' the Dixon Road deceleration lane, there is really only one

.case where the concl usjonsdrawn from the analysis o variance

table and the chi-s'quare method basically disagree. This

happens in the Dufférin deceleration lane for which a chi-

‘squére test provided significant forPoisson ard not

significant for Erlang (K=2). Here the previous attempts
théXplain;the apparent contradiction between the conclusions
inferredfby:both statistical methods do not hold since,

being not.éignificant, thé chiquuare test provides ug\wiﬁh
a positiﬁe;éVidence thatvwelcaﬁnot attenuate.‘ Although the

difference between the statistic obtained when fitting our

" data’ to Poisson and the tebulated value is-very small (2.90),

the test with Poisson is not significant and therefore, e ven

if this gives ground to infer that Poisson nearly gives a -

fit, the conclusion suggested by the non-significant test

is much more positive and must be the one aécepted.

Thus, with the éxception of this last case, the
apparent disérepancies between the trends suggestgd,by fhe
analjsié of,variancé and chi-square methods are not sérious'
and can be partly exblained; Therefore, we have good

reasons to affirm that there is abrelationship between the



68

value of the parameter K and the 1ndividual lanes of an
urban freeway, as demonstrated by the previous analysis of
variance., It has also been suggested to apply Poisson in

the case of a deceleration lane and Erlang (K=2) in the case

" of a driving lane. It should be emphasized however that

they are not necessarily the distributions which will give
the best fit in all individual cases. The best fitting

distribution would be one with a value of K calculated in

'eéch;case from the experimental data. For all practical

purposes however, we believe that the distributions with
Kzl_and K=2 should give the best overall fit when applied

to decelenation and driving lanes respectively.



IV. CONCLUSIONS

‘This study has attempted to investigate the
distribution of headways on Highway L0l, an urban freeway.
The'statistical approach was an attempt tomake the analysis
general enough so that the results could have application

to other locations. It is hoped that the observed headway

- distributions on Highway j01-and their statistical analysis

Tcép;be'éktended and applied to the longitudinal flow pattefn

of'ény“urban freeway. The inferences drawn from our study

should certainly be supplemented by more'data, but never-

theleés”tﬁéj;do establish a foundation for further

investigatiéﬁ,

The analysis performed in this thesis sﬁggested
the fdllowing'conclusiOns:
1. The photographic method, although it is accurate
and perhaps the most_ﬁseful tool in a comprehensive study'i
of ‘the traffic flow,.is very tedilous wh@mextracting'the.data-

from the films. Another method might be used more

| advantageously when studying only the longitudinal traffic

flow characteristics.

2. | The headway distribution of an urban freeway

shows many discrepancies with the Poisson and Erlang (X=2)

probability distributions. However, the Erlang distribution
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generally gives a closer statistical fit to observed data
than Poisson and should therefore be preferred to tte latter
to describe the pattern of arrivals on a li-lane urban
freeway. For:all practical purposes, calculations based on
an Erlang (K=2) distribution are mostly in the ‘safe side
and'cértainly more accurate than when based on & Poisson
distribution. Our present traffic theory actually based on

Poisson would undoubtedly gain in accuracy if it was modified

‘and based on Erlang (K=2). .

3.0 The Erlang distribution fits the observed

: diéffibution of headways most closely when such a distri-

butibn is”ébnsidered for the combined through lanes rather
than for each 1ane taken individually.
L. The probability of a linear relatlonship between

the trafflc volume and the parameter K of the Erlang \

distribution is very small., This probability appears to

increase when the traffic lanes are considered in combination

. instead of individually. The assumption of a linear relation-

ship however is very useful and could be advantageouély

used when great accuracy is not. required. A Gamma function

.should then be used, the value of the parameter K being

taken from either one of the Fig. 1 or 15.
5. " An 1nterest1ng result is that there appears to

exist a correlation between the type of lane and the

parameter K. Accordingly, an Erlang distribution with K=2
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would generally apply to the headway distributioh in the .?723?
driving lane and an Erlang distribution with K=1 (or
Poisson) woulq apply to the deceleration lane. This /
was exbected iﬁ the latter case since the vehicles diverging
in the deceleration lane are likely drawn at random from
the main thrbugh traffic stream, thus suggesting the use of

the Poisson distribution. The fact that Poisson did not

give a fit in this case could be eéxplained by the fact

- that we don't have a "complete randomness" since the

-diyerging vehicles were influenced by the through traffic

St?é?m befére performing their‘diverging menoeuver,

6. n 'f;fhe "two straight lines theory" as suggested

by Greeﬁ;ﬁiélds (2) daia nbt apply to Highway u01; It would
thereforéléppear that his theory caﬁnot'be generalized to
all conditions, or should certainly be modified. |

7; A model of_hyper-eXponential distribution has
been tried but proved unsuccessful.to fit the observed

data. It is felt however that further investigation with '

vahdifférent model could turn out wmore suq:esSful and should

therefare be carried'out.

8. A statistical.model, by nature, isa mathematical

formula which intends to describe some observed data wifh

fhe greatest accuracy possible. It is therefore impoésible

that it fiﬁsperfectiy,the data, otherwise it becomes a

physical law based on certainty and can no longer be called
_;_;; %
1z



~

TABLE A-9

OBSERVED AND EXPECTED DISTRIBUTIONS
OF HEADWAYS.

DECELERATION LANE - DUFFERIN

CUMULATIVE

% OF HEADWAYS
GREATER THAN
THE CLASS INTER-

 CLASS FREQUEN CY CUMULATIVE | VAL UPPER LIMIT
INTERVAL (fo) FREQUENCY | FREQUENCY SHOWN
(SEC). | 100% Theo- Theo-
Poeson | Ertave:
_ | (K=2)
6.0-0.9 1 1 9é.u 91.3 98.5
1.0-1.9 13 1 91.9 83. | 9.8
2.0-2.9 15 . 29 83.2 76.1 | 89.6
3.0-3.9 21 50 71.1 69.5 | 83.5
- 1.0-L,9 8 58 66.5 | 63.4 | 76.9
5.0-5.9 | 13 71 59.0 57.9 | 70.2
6.0—6;9 10 81 53.2 52,9 63.6
7.0-7.9 6 87. 19.7 48.3 | 57.3
8.0-8.9 12 99 C42.8 | bkl | s1.3
9.0-9.9 6 105 ©39.3 40.3 | L5.7
10.0-10.9 7 112 35.3 36.8 | L0.6
{11.0-11.9 1 s 120 30.6 33,6 | 35.9
12.0-1é,9 | N 121, 28.3 30.6 | 31.6
13.0-13.9 5 129 25,1 28.0 | 27.8
1.0-1U.9| 7 136 a1l 1 25.5 | 24.3
=150 37 173 0.0 - -
| N=173

D
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TABLE A-10

¢

OBSFRVED AND EXPECTED DISTRIBUTIONS

. OF HEADWAYS.
DRIVING LANE - AVENUE ROAD

83

% OF HEADWAYS
GREATER THAN
' _ N . THE CLASS INTER-
 CLASS OBSERVED | GUMULATIVE | CUMULATIVE | VAL, UPPER LIMIT
INTERVAL |FREQUENCY | FREQUENCY | FREQUEN CY SHOWN
(SEC) (fo) 100% | Theo- Theo-
o : retical | retical
Poisson | Erlang
= (K=2)
10.0-0.9 3 3 98.5 79.0 | 91.2
1.0-1.9 49 52 7.0 62y | T75.6
2.0-2.9 43 95 52.5 49.3 | 58.6
3.0-3.9 28 123 38.5 38.9 | 3.7
4 0-b.9 21 1Ll 28.0 30.7 | 31.7
' 5.0-5.9 11 155 22.5 2.3 | 22.6
6.0-6.9 15 170 15. 0 19.2 15. 8
7.0-7.9 12 182 9.0 15.1 | 10.9
8.0-8.9 5 187 6.5 12,0 | 7.5
9.0-9.9 i 191 b 9.l 5.1
10.0-10.9 1 192 L.0 7.5 3.5
11.0-11.9 2 9L - 3.0 5.9 | 2.3
12.0-12.9 0 9L - 3.0 .6 1.6
13.0-13.9 2 196 2.0 3.7 1.0
1. 0-1L.9 p) 198 1.0 2.9 | 0.7
15..0-15. 9 1 199 0.5 2.3 0.l
16.0-16.9 1 200 0.0 1.8 0.3
| N=200 |




TABLE A-11

OBSERVED AND EXPECTED DISTRIBUTIONS
OF HEADWAYS.
PASSING LANE - AVENUE ROAD

8l

OBSERVED

CUMULATIVE

CUMULATIVE

% OF TEADWAY S
GREATER THAN
THE CLASS INTIR-

CLASS VAL UPPER LIMIT
INTERVAL |FREQUENCY | FREQUENCY | FREQUENCY SHOWN
(SEC) (fo) 100% Theo- Theo-
: x ' retical | retical
Poisson | Erlang
- (K=2)
0.0-0.9 1l 1l 93. 0 60.8 | 73.7
1.0-1.9 | 116 130 35.0 36.9° | 0.8
2.0-2.9 | b3 173 13.5 22,5 | 20.1
©3.0-3.9 |- 1L 187 6.5 13.6 9.3
L.0-4.9 6 193 3.5 8.3 L1
5.0-5.9 2 195 2.5 5.0 1.7
6.0-6.9 2 197 1.5 3.1 0.7
7.0-7.9 2 199 0.5 1.9 0.3
1 8.0-8.9 0 199 0.5 1.1 0.1
9.0-9.9 0 199 0.5 0.7 | 0.05
1 10.0-10.9 0 199 0.5 0.l 0.02
11.0-11.9 0 199 0.5 0.3 | 0.009
'12.0-12.9 1 200 0.0 0.2 | 0.003
N=200 |




TABLE A-12

OBSERVED AND EXPECTED DISTRIBUTIONS
OF HEADWAYS.
DECELERATION LANZ ~ AVENUE ROAD

‘ ”

CIASS

CUMULATIVE

% OF HLRADWAYS
GREATER THAN
THE CLASS INTER-

OBSERVED CUMULATIVE | VAL UPPER LIMIT
INTERVAL |FREQUENCY | FREQUEN CY | FREQUANCY SH oW
(SEC) (fo) ' 100% Theo- Theo-
oot | petion
(K=2)
0.0-0.9 1 1 99.5 sh.2 | 95.3
1.0-1.9 50 51 7.5 70.9 | 8.8
2.0-2.9 35 86 57.0 59.7 | 724
3.0-3.9 | 28 11, 43. 0 50.3 | 60.0
© L.0-4.9 11 125 37.5 b2.3 | L8.7
5.0-5.9 | 20 15 27.5 35.6 | 38.9
6.0-6.9 7 152 2.0 30.0 | 30.7
7.0-7.9 11 163 19.5 25.3 | 23.9
8.0-8.9 5 168 16.0 21.3 | 18.5
9.0-9.9 3 171 ;.5 17.9 | 1.3
10.0-10.9 I 175 12.5 15.1 | 10.9
11.0-11.9 | 2 177 11.5 12,7 | 8.3
12.0-12.9 Ly 181 9.5 10.7 | 6.2
13.0-13.9 2 183 8.5 9.0 .7
1;.0-1L.9 3 186 7.0 7.6 | 3.8
=315 1L '200 o;o' - -
| N=200




TABLE A-13

* OBSERVED AND EXPECTED DI STRIBUTIONS
OF HEADWAYS. ‘
COMBINED THROUGH LANES ~ DIXON ROAD

86 -

"% OF HEADWAYS

GREATER THAN
THE CIASS INTER~

CLASS OBSERVED | CUMULATIVE | CUMULATIVE | VAL, UPPER LIMIT
INTERVAL | FREQUENCY | FREQURICY |FREQUENCY SHOUN

(sEc) (fo) : 100% Theo - Theo- -

retical [retical

Poisson {Erlang
' (K=2)
0.0-0.9 L7 7 76.5 73.3 | 87.1
1.0-1.9 59 106 17.0 53.7 | 6l.7
2.0-2.9 | 29 135 32.5 39.3 | 4.3
3.0-3.9 15 150 . 25,0 23.8 29.0
u.oéu.9_' 13 163 18.5 21.1 18.3
- 5.0-5.9 10 173 13.5 15.5 11.0

- 6.,0-6.9 S 178 11.0 S 11.3 6.9
7.0-7.9 5 183 | 8.5, 8.3 .1
8.0-8.9 9 192 .0 6.1 2.
9.0-9.9 3 195 2.5 I.5 1.l
10.0-10.9 2 197 1.5 3.3 0.9
11.0-11.9 2 199 0.5 o | oo.5
{12.0-12.9 0 199 0.5 1.8 | 0.3
13.0-13.9 1 200 0.0 1.3 | 0.2
N=200 ‘




TABLE A-1lf

OBSERVED AND EXPECTED DISTRIBUTIONS
‘ OF HEADWAYS.

COMBINED THROUGH LANES - ISLINGTON

AVE.

Y

CUMULATIVE

% OF HEADWAYS

GREATER THAN
THE CLASS INTER-~

CLASS OBSERVED CUMULATIVE | VAL UPPER LIMIT
INTERVAL | FREQUENCY | FREQUENCY | FREQUENCY | SHOWN '
(SEC) ~ (fo) . 100% - | Theo- Theo -

' : retical | retical

Poisson | Erlang.
(X=2)
0.0-0.9 Ll nn - 78.0 63.1 761
©1.0-1.9 75 119 40.5 39.8 | L5.0
2.0-2.9 33 152 2ly.0 - 25.1 | 23.7
3.0-3.9 18 170 15. 0 15.8 11.7
L. 0-lt.9 9 179 10.5 10.0 5.6
5.0-5.9 | 9 188 6.0 6.3 2.9
6.0-6.9 6 19 3.0 4. 0 1.2
7.0-7.9 1 195 2.5 2.5 | 0.5
- 8.0-8.9 2 197 1.5 1.6 0.2
- 9.,0-9.9 2 199 0.5 1.0 0.1
10.0-1o.é 0 199 0.5 0.6 0.04
11.0-11.9 1 200 0.0 0.l 0.02
| B N=200




\

TABLE A-15

OBSERVED ANDCEXPECTED’HISTRIBUTIONS
: OF HEADWAYS.
COMBINED THROUGH LANES - DUFFERIN STREET

88

CLASS

OBSERVED

CUMULATIVE

CUMULAT IVE

7 OF HEADWAYS
GREATER THAN
THE CLASS INTER-

VAL UPPER LIMIT
INTERVAL | FREQUANCY | FREQUENCY | FREQUENCY SHOWN -
(SEC) (£0) 100% Theo - Theo -
S . retical | reticalf-
Poisson j Erlang
| (K=2)
. 0.0-0.9 61 61 69.5 49.1 | 58.k
1.0-1.9 87 118 26,0 ° 2.1 | 22.3
2.0-2.9 33 181 9.5 11.8 | 7.4
3.0-3.9 " 1L 195 2.5 5.8 2.2
.0-l.9 3 198 1.0 2.8 0.7
5.0-5.9 1 199 0.5 1. 0.2
- 6.0-6.9 0 199 0.5 0.7 0.05
7.0-7.9 0 199 0.5 0.3 0.01
8.0-8.9 1 200 0.0 0.2 0.00L
N=200




TABLE A-16

OBSERVED AND EXPECTED DISTRIBUTIONS
OF HEADWAYS.
COMBINED THRO UGH LANES - AVENUE ROAD

OBSERVED

.CUMULATIVE

CUMULATIVE

% OF HREADWAYS
GREATER THAN

THE CLASS INTER-

N=200

CLASS VAL UPPER LIMIT
INTERVAL | FREQUENCY | FREQUENCY | FREQUMNCY SHOWN _
(SEC) (fo) 100% “Theo - Theo -
: retical |retical
Poisson {Erlang -
(K=2)

1 0.0-0.9 62 62 1 69.0 48.1 | 56.9
1.0-1.9 95 157 21.5 23.1 | 21.0
2.0-2.9 26 183 8.5 1.1 | 6.6
3.0-3.9 9 192 I.0 5.3 1.9
l.0-L.9 N 196 2.0 2.6 0.6
5.0-5.9 2 198 1.0 1.2 0.2
6.0-6.9 ! 199 0.5 0.6 | 0.05
7.0-7.9 1 200 0.0 0.3 | o0.01




APPENDIX "B"

Curves of observed and theoretical
distributions of Headways at all-
study locations.,
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APPENDIX "c"

Curves (plotted on semi-log paper)
of observed and theoretical distri-
butions of Headways at all study
locations,
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APPENDIX "D" |

Tables of Chi-Square Tests whe n
fitting observed data to Polisson
and Erlang (K=2) distributlons.

~12l-



TABLE D-1
CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
DRIVING LANE - DIXON ROAD

CLASS OBSERVED PROBABILITY THEORETICAL

INTERVAL FREQUENCY | (POISSON) FREQUENCY (fo-rT) (fo-£T)2 (fo-£T)%
(SEC) (fo) (£T) B T
0.,0-0,9 -1 0.1193 ' 2 23 529 22.0l
2,0-2.9 19 0.0925 19 0 0 0.00
3.0-3.9 22 ' 0.081% ‘ 16 6 36 ' 2.25
I1,0=-L.9 18 0.0718 1l I 16 1.1h
5.0-5,9 8 0.0632 13 5 5 1.92
6.,0-6.9 13 0.0555 11 2 Iy 0.36
7.0-7.9 15 0.0491 10 5 25 2.50
9.0-9.9 8 0.0381 8 0 0 0.00

10.0-10.9 13 0.0335 7 6 36 5.1

11.0-11.9 Iy 0.0295 6 2 It 0.67

12.0-12,9 7 0.0259 5 2 L 0.80

13.0-13.,9 6 0.0229 i 1 1 o.gg

lL‘,oO"l“_tg 7 000202 19

3ic 19§ 26 0.1188 30 !3” 8 S

2 . -
X% (13,0.01) = 27469

Uh.77 2227.69 -). Poisson does not fit at the 1% significance level,

YA



TABLE D=2

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT

OF ERLANG (K=2) DISTRIBUTTON TO OBSERVED DATA:
DRIVING LANE - DIXON ROAD |
CLASS OBSERVAD PROBABILITY | THREORET ICAL ' o 5
INTERVAL FREQUENCY (FERLANG) FREQUENCY (fo-£T) (fo-T) (fo-£T)
(SEC) (fo) (K=2) (fT) ' . T
0.0-0.9 1 0.,0273 5 Iy 16 3,20
1.0-1.9 2l 0.0653 13 11 121 9.31
2.0-2.9 19 0.0851 17 2 Iy 0.2k
3.0-3.9 - 22 0.0925 19 3 9 0.47
i.0-l1.9 18 0.092L . 18 0 0 0.00
5.0-5.9 8 0.0877 18 10 100 5,56
6.0-6.9 13 0.0802 16 3 9 0.56
7.0-7.9 15 0.0720 i 1 1 0.07
8.0-8.9 16 0.0633 - 13 3 9 0.69
9.0-9.9 - 8 0.0549 11 3 9 0.82
10.0-10.9 13 0.0L71 9 ly 16 1.78
11.0-11.9 n 0.0;03 8 Iy 16 2.00
12,0-12.9 7 0.0336 7 0 0 0.00
13.0-13,9 6 0.0285 6 0 0 0.00
1 .,0-1L.9 7 0.0235 5 2 Iy 0.80
315 19 0.1063 21 2 - L 0.19
W=200 , : s =05.69
x2 Ly = 29.1h
(14,0.01) *

- 25.69 £29.1 )

Erleng fits at the 1% significance level.
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TABLE D=3

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
PASSING LANE - DIXON ROAD

CLASS OBSERVED PROBABILITY THEORETICAL

INTERVAL | FREQUENCY (POISSON) FREQUENCY (fo-£T) (fo=fT)2 | (fo-rT)2
(SEC) (fo) (£T) T
0.0-0.9 15 0.166l 33 18 32L ¢ 9.82
1,0-1.9 56 0.1387 - 28 o 28 | 78l 28.00
2,0-2,9 27 0.1156 23 ' % 16 1 0.70
3,0-3.9 11 . 0.096L 19 6l 3,37
1 .0-,9 16 - 0.080L 16 0 0 0.00
5.0-5.9 11 0.0670 © 13 2 I 0.31
6.0-6,9 12 0.0558 11 1 1 0,09
7.0=7.9 7 0.0l165- 9 2 % 1 o.uh
8.,0-8.9 Ly 0.0388 8 B 1 - 2,00
9.0-9.9 10 0.032l 7 3 9 1.29

10,0~10.9 I 0.0269 5 1 1 0.20

11,0~11.9 ﬁ : o.ozgsv i 1 1 0.20

12,0-12.,9 0.,0187 =

13.0-13.9 18 0.0157 3‘ 10 2 b 0.40

1L,0-1l1.9 3 0.0130 3

315 15 0.0652 13 | 2 L 0.31
‘ N=200. : S =L7.13

. i .
X% (12,0.01) = 26.22
47.13 > 26.22 -)- Poisson does not fit at the 1% significance level.

L2T



TABLE D-l

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
PASSING. LANE - DIXON ROAD

CLASS

OBSERVED

PROBABILITY

THEORETICAL

87.03 > 26,22

INTERVAL FREQUENCY (ERIANG) FREQUENCY (fo-£T) (fo-rT)° | (fo-fTP
(SEC) (fo) (K=2) ~(fT) I
0.,0=0.9 15 0.0522 10 5 25 2.50
1.0-1.9 56 0.1133 23 33 1089 L7.3
2.0-2.9 27 0.1326 27 0 0 0,00 -
3.0-3.9 11 0.1292 26 15 225 8.65
lL.0=l1.9 16 0.1159 23 7 9 2,13
5.0-5.9 11 0.0983 20 9 1 1.05
6,0-6.9 12 0.0810 16 % 16 1,00
7.0-7.9 7 0.06L7 13 36 2.77
8.0"8.9 h. 0.0L}.QO lO 6 36 3.60
9e0-9|9 10 OgOL‘.lB 8 2 LI. O.SO

10.0-10.9 I 0.0309 6 2 n 0.67

11,0-11.9 Iy 0.0229 5 1 1 0.20

12,0-12.9 L .0.0178 L 7

13,0-13,9 1 %8 ©0.0132 3 §9 1 1 0.11

1u.o-%u.9 3 0.029% 2 . 61 13. %

3 15 0.027 .

2 26,22
X (12,0.01) T

Erlang does not fit at the 1% significance level,

-get



TABLE D-5

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT

OF POISSON DISTRIBUTION TO OBSERVED DATA :

-~ DECELERATION LANE - DIXON ROAD

CLASS

THEREZTICAL

OBSERVED PROBABILITY , _ 5
INTERVAL FREQUENCY (POISSON ) FREQUENCY (fo-FT) (fo-fT) (fo-£T)
(SEC) (f£o) (£T) EL
0.0-0.9 5 0.209 42 37 1369 32,60
1.0-1.9 63 0.165 33 30 900 27 .27
2.0-2.9 L2 0.1309 - 26 16 256 9,85
3.0-3.9 25 0.1035 21 Iy 16 0.76
L.o-L.9 12 0.0818 16 Iy 16 1,00
5.0-5.9 -9 0.0647 13 i 16 1.23.
6,0-6.9 10 0.0511 10 0 0 0.00
T7.0-T7.9 5 0.0l ol 8 3 9 1.13
8,0-8.9 . 5 0.0320 7 2 l © 0.57
' 9,0-9.9 S 0.0252 5 0 0 0.00
10.0-10.9 Ly 0.0200 Ly
11.0-11.9 3 0.0158 3 ‘
12.0-12.9 316 0.0120° 21 13 3 9 0.69
13,0-13,9 5 "0,0103 2 .
14.0-1.9 1 0.0079 2
- 315 3 0.029 6 3 9 1.50
N=200 = =76.60
xe = 23,21
(10,0.01)

76,60 ¥ 23.21

.).

Poisson doés.not fit at the 1% significance level,

62T



TABIE D-6-

o
~

. CHI-SQUARE TEST D GCHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION. TO OBSERVED DATA :
. DECELERATION LANE - DIXON ROAD

CLASS OBSERVZD PROBABILITY | THEORETICAL . . T 5 >
INTERVAL FREQUENCY (ERLANG) FREQUENCY (fo-fT) (fo-£T) (fo-fT)
(SEC) . (fo) (K=2)" (£T) . | TTFT
0.0-0.9 5 - 0.0812 16 11 121 7.56
1,0-1,9 63 0.1610 32 31 961 . 30.03
1 2.0-2.9 L2 0.1695 3l 8 6L 1.88
3.,0-3,9 25 . 0.188 30 5 25 0.8
)-l-oo")-l-o9 12 001199 2 12 l)_ug . 6 OO
5.0-5.9 - 9 0.0919 1 9 1 .50
6.0-6,9 10 0,0677 -1l I 16 1.1
7.0=7.9 5 0.0491 10 5 25 2.50
8.0-8.9 5 0. 03&5 : 7 2 L 0.57
9.,0-9.9 | 5 0.0 5 0 0 0.00
10.0-10.9 n 0.01 7 - 3
11,0-11.9 3 - 0.0113 2 ‘
12.0-12.9 31419 . 0.0083 2]11 8 6l 5.82
13,0-13.9 5 © 0,0050 - 1
1L.0-14.9 1 0.0034 1
>15 3 0.0072 2
N=200 g =60,

X2(9,0.01) = 21.67

60,8l > 21,67 -)- Erlengdoes not fit at the 1% significance level.

L 0tT



TABLE D=-7

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
DRIVING LANE - ISLINGTON AVE.

OBSERVED THRORET I CAL

CLASS PROBABILITY , . ,
INTERVAL FREQUENCY (POISSON) FREQUENCY (fo=rT) (fo-£T)2 (£o-£T)2
(SEC) ~ (fo) ‘ (£T) : L
0.0-0.9 B 0.14hL 29 28 78l 27.03
1.0-1.9 15 0.12% .25 .10 100 ly.00
2,0-2.9 30 0.1057 22 8 6l 2,91
3.0-3.9 36 0.0905. 18 18 321 18.00
l1.0-L.9 18 0.0774 16 : 2 L 0.25
5.0-5.9 20 0.0662 13 7 19 3,77
6.0-6,9 15 0.0567 11 Iy 16 0.36
8,0-8.9 9 0.0415 8 1 1. 0.13
9.0-9.9 6 0.0355 7 1 1 0.1
10,0-10.9 9 0.0303 6 3 9 1,50
11,0-11.9 11 0.0260 5 6 36 7.20

12.0-12.9 3\ 0.,0222 Iy -

13.0-13.9 7 0.0190 Iy

1l.0-1L.9 2 ©0.0163 - 3

15.0-15.9 1}]21 0.0139 3{ 21 0 0 0.00

16.,0-16.9 2 ' 0.0119 2 \

18,0-18.9 3 0.0087 2 ,

19.,0-19.9 2 0.007L 1 _ _
‘ N=200 . =65,39

X2(11,0.01) = al.73

65.39 > 2L.73 -)- Poisson does not fit at the 1% significance level,

T€T



TABLE D-8

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FiT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
' DRIVING LANE - ISLINGTON AVE,

OBSERVED

T TERORET 1CAL

CLASS PROBABILITY 5 ) _

INTERVAL FREQUENCY (ERLANG ) FREQUENCY (fo-£T) (fo-fT) (fo-£T)2
(SEC) (fo) (k=2) (£T) T
0.0-0.9 1 0.0397 8 7 L9 6.13
1,0-1.9 15 0.0902 18 3 9 0.50
2.0-2.9 30 0.1108 22 8 6l 2.91
3.0-3.9 - 36 0.1139 23 13 169 7.35
lL.O=l1.9 18 - 0,1075 22 I 16 0.73
5.6-5.9 20 0.0962 19 1 1 0.05
6.,0-6.9 15 0.0832 17 2 I 0.2
7.0-7.9 9 0.070L Uy 5 25 1.79
8.0-8,9 9 0,0585 11 2 L 0.36
9.0-9.9 6 0.0475 9 3 9 "~ 1.00

10.0-10.9 9 0.0385 7 2 L 0.57

11,0-11.9 11 0.0316 6 5 25 .17

12.0-12.9 3\ 0.0245 u\

13.0-13.9 7 0.0193 3

1l.0-1.9 2 0.0150 3 J17 Iy 16 0.9

15.0-15.9 1{21 0,0121 2

16,0-16.9 2 0.0092 2

17.0-17.9 1 0.0077 1

18,0-~18.9 3 o,ooil~ 1 |

19,0-19.9 2 | 0.0049 1/

- N =200 S =267k

X% (11, 0.01) = 2473

26.74 2 2L.73 )

Erlang does not fit at the 1% significance level,

26T



TABIE D=9

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TOOBSERVED DATA:
PASSING LANE - ISLINGTON AVE.

CLASS™ OBSERVED | PROBABILITY | THEORETLICAL | - - ‘
INTERVAL FREQUENCY (POISSON) FREQUENCY = | (fo-fT) | (fo-fT) (fo-f£T)?2
(SEC) | (fo) : _ (£T) 1 T
0.0-0,.9 12 0.2629 - 53 b1 1681 31.72
1.0-1.9 . 77 0.1937 -39 B Wl 37.03
2.0=2.9 35 0.1429 - 29 6 - 36 1.2
3.0-3.9 19 0.1053 21 2 L | . 0.19,
hL.0=-4.9 - 16 - 0.0776 - 15 1 1 - - 0.07
' 5.0-5.9 10 0.0572 11 1 1 - 0,09
6.0-6.9 8 0.0422 8 0 0 0.00

7+0=7.9 8 0.0310 6 2 I 0.67 |
o 8’0"809 3 000230 5 2 Ll. 0080

9.0-9,9 3y 0.0168 3\ o
10.,0-10.9 1 0.0127 3
11,0-11.9 3 0.0090 2

12,0-12.9 1 0.0068 1 o

13.0-13.9 - o\12 | 0.0049 1§12 o 0 - 0.00
1.0-1l.9 - 1 1 0.0037 1} | .
15.0-15.9 1 .0.,0027 1

16,0-16.9 1 0.0020 0

17.0-17.9 . 0 - 0.0015 0

18.0-18.9 - 0. V0 0.0011 0

19.0-19.9 1 , 0.0008 o7 | L | .

- .| N=200 ' - 1 ; =71.01

) _ v
X“(8,0.01) = 20.09

£€1

71.81 > 20.09 -)- Poisson does not fit at the 1% significance level.



TABLE D-10
CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT

- OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:

PASSING. LANE - ISLINGTON AVE.

OBSERVED PROBABILITY | THEOREIICAL

CLASS - - R , N
INTERVAL | FREQUENCY (ERLANG) FREQUENCY | (fo-fT) | (fo-£T)2 | ( )2
(SEC) (fo) (K=2) ' (£fT) : ‘
. 0,0-0.9 12 - 0.,1251 25 - 13 169
1.0-1.9 - 77 0.2196 Ll 33 1089
200"209 : 35 0.2013 l].O - 5 . 25
3,0=3.9 19 0.15L0 31 12 N
L.0-L.9 16 0.1080 21 5 25
5.0-5.9 10 1 0.0722 o1l ko 16
700"709' 8 090291 . 6 2 L‘_
- 8.0-8.9 3 0.0181 L\
9.0-9.9 -3 0.0110 2\
10,0-10.9 I 0.0063 1
11.0-11.9 3 0.0045 1 |
12.0-12.9 1\ 0.0022 0 | ;
13.0-13.9 0 )15 0.0017 0] &8 7 L9 6.13 .
1L.0-1.9 1 0.0009 - 0
15.0-15.9 1 0.000L 0
16.0-16.9 1 0.0003 0
17.0-17.9 -0 0.0001 0
18.0-18.9 0 0.0001 0}
19.0-19.9 1 0.00003 0 . .
. N=200 : . Zz=46,0

s _ _
X°(7,0.01) = 18.48
16,06 > 18,48 ). Erlang does not fit at the 1% significance level.

HET



TABLE D-11

CHI-SQUARE TEST TO GHECK THE GOODNESS OF FIT
“OF POTSSON DISTRIBUTION TO OBSERVED DATA:
DECELERATION LANE - ISLINGTON AVE.

OBSERVED

PROBABILITY

T THEOR ETICAL

INTERVAL FREQUENCY (POISSON) FREQUENCY (fo-fT) (fo-fT)2 (fo-£T)2
(SEC) - (fo) - {£7T) : T
0.0-0.9 1 0.1706 "-3%- 33 1089 32,03
1.0-1.9 L3 0. 141l 2 15 225 8.0l
2.0-2.9 L7 0.117h 2l 23 529 22.0L
3.0-3.9 25 0.0973 19 6 36 ©1.89 -

© 5,0-5.9 15 0.0670 - 13 2 L 0.31
6.0-6.9 12 0.0555 11 1 1 0.09
7.0-7.9 10 0.0L61. 9 1 1 S 0.11
8,0-8.9" 7 0.0382 8 1 1 0.13
9,0-9.9 2 - 0.0317 6 It 16 2.67

110.0-10.9 2 0.0263 5 3 9 1.80

11.0-11.9 3 0.0218 It B ,

12,0-12.9 2 0.0181 - bVvis. 5 25 1.92

13.0-13.9 218 0.0150 3 | -

1u.o~%u.9 1 0.022% 12 » L

S 10 0.060 _ 0.
N=200 . : $=71. 2:12t -

2 o
X (11,0.01) = 2473 |
71.61 > 2ly,73 -) Poisson does not fit at the 1% significance blevel.

6T



T
TABLE D-12
CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT

 OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
DECELERATION LANE - ISLINGTON AVE.

CLASS OBSERVED PROBABILITY THEORETICAL

INTERVAL | FREQUENCY (ERLANG) FREQUENCY (fo-T) (fo-£T)2 (£o-FT)2
(SEC) {fo) (K=2) (£T) T
0.0-0.9 ' 1 0.0547 11 10 100 9,09
1.0-1.9 113 0.1180- 2l 19 361 15.0L
2.,0-2.9 L7 0.136L 27 20 - Loo .81
3.0-3.9 25 -~ 0.,1318 26 B 1 - 0.0L
I.0-1L.9 18 . 0.1168 23 5 25 - 1.09
5.0-5.9 15 : 10,0984 20 , 5 25 1.25
6,0-6.9 12 0.0801 16 I 16 1.00
7.0-7.9 10 0.063L 13 3 9 0.69
8.0-8.9 7 0.0L.98 10 3 9 0.90
9.0-9.9 2 0.0378 . 8 6 36 L.50

10.0-10.9 2 0.0291 , 6 I 16 2.67

11.0-11.9 3 0.0219 Iy ,

12.0-12.9 2 - 0.0158 3 A

13,0-13.9 218 0.0126 3 (12 L 16 1.33

1;.0-111.9 1 0.0086 2

>15 10 0.0245 5 ' 5 25 .00

. o
X“(11,0.01) = 24.73 | |
57.41 > 24,73 ) .Erlang does not fit at the 1% significance level,

9T



TABLE D-13

CHIJSQﬁARE TEST TO CHECK THE GOODNESS OF FIT

DRIVING LANE - DUFFERIN ST.

OF POISSON DISTRIBUTION TO OBSERVED DATA:

PROBABILITY

THEORETICAL.

GTASS T OBSERVED - — |
INTERVAL | FREQUENCY (POTSSON) FREQUENCY (fo-fT) | (Fo-£T)2 | (fo-fT)?
(SEC) (fo) (£T) N
0.0-0,9 3 0.2313 L6 43 1849 - L0.20
1.0-1.9 c1 0.1777 36 15 225 6.25
2.0-2.9 72 0.1367 . 27 L5 2025 75.00
3.0-3.9 20 0.1051 21 < 1 1 0.05
.09 16 0.0807 16 0 0 0.00
5.0-5.9 7 0.0621 12 5 25 2.08
6.0-6.9 11 0.0L77 10 1 1 0.10
7.0-7.9 6 0.0367 7 1 1 0.1L
8.0-8.9 5 0.0282 6 1 1 0.17

90_0"909 : 3 0.0217 L‘_
10.0-10.9 2 o.01gg %
11.0-11.9 1 0.01
12.0-12.9 i 0.0099 2115 6 36 2.40 |
13,0-13.9 0 0.0075 2
15;.0-14.9 2 0.0059 1
N=200 .

S =127.39

2 =
X% (8,0.01) = 20.09

127.39 > 20.09 )+ Poisson does not fit at the 1% gignificance level.

€T



TABLE D-1l

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA'
DRIVING LANE - DUFFERIN ST.

CLASS OBSERVED PROBABILITY | THEORETICAL

INTERVAL FREQUENCY (FRLANG) FREQUENCY (fo-fT) (fo-fT)2 (fo-fT)°
(SEC) (fo) (K=2) (£7) : TFT
0.0-0.9 3 0.0981 20 _ 17 289 1u L5
1.,0-1.9 51 0.1853 37 1 : 196 5.30
2.0-2.9 72 : 0.18,5 39 337 1089 27.92
3.0"309 20 - OelSBL‘. 31 ll 121 3090
It .0=1.9 16 0.1170 23 7 L9 2,13
5.0-5.9 7 0.084L47 17 10 100 5.88
6.0-6,9 11 0.0590 12- 1 A 1 0.08
7.0-7.9 6 0.0409 8 2 L _ 0.50
8.0-8.9 5 0.0266 g 0 0 0.00
900—9-9- 3 0.0179 L!—

10.0-10.9 2 0.0122 2 : o

11.0-11.9 1]9- 0.0072 1{9 0 0 0.00

12,0-12.9 1 ‘0.00116 1 '

13.0-13,9 0 0.0036 1

1U,0~1.9 2 0.001L 0

N=200 ¥ =60.16

2. -
X°(8,0.01) = 20.09 |
60.16 > 20.09 -)* Erlang does not fit at the 1% significance level

QET



TABLE D-15

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
PASSING LANE - DUFFERIN ST..

.CLASS

-OBSERVED.

PROBABILITY | THEORETICAT

INTERVAL FREQUENCY (POISSON) FREQUENCY (fo-fT) | (fo-£T)2 | (fo-rT)2
(SEC) (fo) , (£T7) o . _ S
0.0-0.9 15 10,3611 . 72. 57 32%9 1 L5.13
1.0-1.9 87 - 0.2307 116 L1 1681 - 36.5]
2.,0=2.9" 55 0.147h 29 26 676 23.31
3.0~3,9 26 0.0942 19 7 L9 2.58
I O=lL.9: 10 0.0601 12 2 % 0.33
6.,0-6.9 g o.oz%g 5 g 25 5,00 -
7.0-7.9 0.01 3 ’
8.0-8.9 1; 3 0.0100 2} > _ 2 L 0.80

N=200 _ $ =115,69

115.69 > 16.81 <) Poisson does not fit at the 1% significande level,

6ET



TABLE D-16

CHI- SQUARu TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA'
PASSING LANE - DUFFERIN ST.

CLASS

OBSERVED

PROBABILITY THEORETICAL 2

INTERVAL FREQUENCY - (ERLANG) FREQUENCY (fo-£T) (fo-fT) (fo—fT)2
(SEC) (fo) (K=2) (£7) fT
0.0-0.9 15 0.2261 LS 30 900 20,00
1.0-1.9 87 0.3088 62 25 625 10.08
2.0-2.9 55 0.21L3 L3 12 1l 3.35
3.0-3.9 26 0.1238 25 1 1 0.04
5.0"509 L‘- 0.0326 7 . 7 3 9 1929
6.0-6.9 0 0.0155 3
7.0-7.9 2}_3 0.0073 2 6 -3 9 1.50

N=200 ¥ =36.95

2 _
X°(5,0.01) = 15:09

36,95 > 15,09 )

Er'lang does not fit at the 1% significance level,

2

ofit



TABLE D-17

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
DECELERATION LANE - DUFFERIN ST.

CLASS OBSERVED PROBABILITY THEORETICAL

INTERVAL | FREQUENCY (POISSON) FREQUEN CY (fo-£T) (fo-rT)2 | (fo-£T)°
(SEG) (fo) (fT) - TTfT
0.0-0.9 1 0.0870 15 il 196 13.07
1.0-1.9 13 0.0794 1 1 1 0.07
2.0-2,9 15 0.0725 13 2 Iy 0.31
3.0-3.9 21 0.0662 11 ] 10 100 9.09
L .0-L.9 8 0.0605 10 2 Iy 0.40
6.0-6.9 10 0.050L 9 1 1 0.11
7.0=-7.9 6 0.01.60 8 2 L 0.50
8.0-8.9 12 0.0420 7 5 25 3.57

1 9.0-9.9 6 0.038lL T 1 1 0.1l

10.0-10.9 7 0.0350 6 1 1 0.17

11.0-11.9 8 0.0320 6 2 I 0.67

12,0-12.9 Iy 10,0291 5 1 1 0.20

13.0-13.9 5 '0.0227 i- g 22 o.go

1l.0-14.9 7 0.0243 - 5 0.51

S1g 7“@ 0.255l LLSM‘?'
N=173 , £=30.59 -

X2(13,0.01) = 27.69

30,59 .> 27.69 -)- Poisson does not fit at the 1% significance level,

‘tﬁt



TABLE D-18

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
-DECELERATION LANE - DUFFERIN ST.

PROBABILITY

CLASS OBSERVED THEORBTLCAL ,

INTERVAL FREQUENCY (ERLANG ) FREQUENCY (fo-£T) (fo-£T)2 (fo-£T)2
(SEQ) (£fo) (K=2) (£T) ‘ , T
0.0-0.9 1 0.01L7 3 .
1.0-1.9 13 1l 0.0375 7 10 b 16 1,60
2.0-2.9 15 0.0522 9 6 36 l1.00
3.0-3.9 21 0.0611 11 10 100 9.09
lL.0-4.9 8 - 0.0657 11 3 9 0.82
5.0-5.9 13 0.0669 12 1 1 0.36
6.0-6.9 10 0.0659 11 1 1 0.09
7.0-7.9 6 0.0633 11 5 25 2.27
8.0-8.9 12 0.0599 10 2 Iy 0.0
9.0-9.9 6 0.0560 10 Iy 16 1.60

10.0-10.9 7 0.0512 9 2 N 0.l

11.0-11.9 8 0.0471 8 0 0 0.00

12.0-12.9 L 0.0Lh2h 7 3 9 1.29

13.0-13.9 5 0.0386 7 2 I 0.57

1l .0-111.9 7 0.03L3 6 1 1 0.17

S15 37 0.2L32 e 5 25 . 0.60
: N=173 T =23.30

Y2 _
X%(13,0.01) = 27.69

23,30 £ 27.69 ) Erlang fits at-the 1% significance level,

4
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- - TABLEVD-19>

- CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
: OF POISSON DISTRIBUTION TO OBSERVED DATA:
DRIVING LANE - AVENUE ROAD

CLASS "OBSERVED PROBABILITY .| THEOR®TICAL » , N
INTERVAL FREQUEN CY (POISSON) FREQUEN CY (fo-£T) (fo-fT) | (fo-£T)2
(SEC) (fo) - (£T , S S
0.0-0.9 3 0.2212 Wy g 41 1681 38.20
1.0-1.9 19 0.1660= 33 16 256 776
2.,0-2.9 I3 0.1312 26 17 289 11.12
3.0-3.9 28 0.1035 21 7 L9 2.33
L.o-.9 21 - 0.0818 16 5 25 1.5
5.0-5,9 11 - 0.06L6 13 2 L v 0.31
6.0-6.9 15 0.0510 10 5 .25 2.50
7.0-7.9 12 0.0403 - 8 It 16 2.00
8.0-8.9 . 5 0.0318 6 1 1 0.17
900"909 )4- 050252 5 l 1 0020

10.0-10. 1\ 0.0198 Iy .

'11,0-11, 2 0;0152 g .

12.0-12. 0 © 0.01

13.0-13. 249 0.0097 - 2116 7 L9 3.06

1L .0-1lk. 2 0.0077 2

15.0-15. 1 0.0061 1

16.0-16. - 1) 0.0048 1/ .
N=200 ¥=63.21

X%(9,0.01) = 21.67

69,21 >21.67_ )+ Poisson does not fit at the 1% Signifigance level.

€T



TABLE D-20

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
: DRIVING LANE - AVENUE ROAD

CLASS OBSERVED PROBABILITY | THECRETICAL B 5

INTERVAL FREQUENCY | (ERLANG) FREQUENCY (fo-£T) (fo-fT)= | (fo-fT)2
(SEC) (fo! K=2 (£T) T
0.0-0.9 3 0.0880 18 15 225 12,50
1.0-1.9 49 0.1556 31 18 32 10.115
2.0-2.9 113 0.1700 3l ‘9 - 81 2.38-
300"'3.9 28 Oolh-gz 30 2 ).l. 0313
L.O=l1.9 21 0.1200 2 3 9 - 0,38
5.0-5.9 11 - 0.0915 1 7 Lo 2.72

" 6,0-6.9 15 0.0677 il 1 1 0.07
7.0-7.9 12 0.0l 86 10 2 Iy 0.40
8.0-8.9 5 0.034 7 2 I 0.57
9.0-9.9 I 0.02)11 5 1 1 0.20

10.0-10.9 1) 0.0162 3

11.0-11.9 2 0.0120 2

12.0-12.9 0 0.0070 1

13.0-13.9 219 0.0058." 1}9 0 0. 6.00

1l .0-1),9 2 0.003) 1 ’

12.0—1%.9 1} 0.0022 1

16.,0-16.9 1 0.001 0/

N=200 : - Z=29.80 -

2. o
X%(9,0,01) = 2L.67

29.80 > 21,67 ) Erlang does not fit at the 1% significance level, .

T
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TABLE D-21 )
CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
PASSING LANE - AVENUE ROAD
CLASS OBSERVED PROBABLLITY | THERETICAL
INTERVAL FREQUEN CY (POISSON) FREQURACY (fo-fT) (fo-fT)2 | (fo-£T)2
(SEC) (fo) : (£T) * “fT
0.0-0.9 1% 0.3923 78 6% 11096 52,51
1.0-1,9 11 0.2383 L8 - 6 néal 96.33
2.0-2.9 0.1L9 30 13 169 5.63
3.0-3.9 1A, 0.0881 18 It 16 - 0.89
lr.o-11. 9 o 0535 11 [ 25 2.27
5,0-5.9 2 0.0325 7 5 25 3.57
6.0-6,9 2 0.0197 i '
7.0-7.9 2 0.0121 21
8,0-8.9 0 0.,0073 2 «
© 9,0-9.9 oVs5 0.00Lly 1Y10 5 25 2.50
10.0-10.9 0 0.0028 1 ‘ -
11.0-11.9 0 - 0.0016 0
12.0-12.9 1 0.0010 0
W=200 Z=163.70

X2 (5 0.01) = 15.09
163.70 > 15,09

of

-} Poisson does not it at the 1% 1@'nifiéance level.



. PABLE D-22

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
PASSING LANE -~ AVENUE ROAD

OBSERVED

PROBABILITY.

THEO RETICAL

INTERVAL FREQUENCY (ERLANG) FREQUREN CY (fo-£fT) (fo-£T)2 gfo-fT)2
(SEC) (fo) (K=2) (£T) ' _IT
0.0-0.9 ,1% 0.2627 53 39 1521 28.70
1.0-1.9 11 0.3292 66 50 2500 - 37.88
2.0-2.9 I3 0.2071 L1 2 It 0,10
3,0-3.9 1l 0.1083= 22 8 6l 2.91
L.o-lL.9 6 0.051 10 L 16 1.60
5.0-5.9 2\ - 0.0239 5 » _
600"'6'09 2 000102 2 N
7.0-7.9 2 0.0045 1 |
8.0-8.9 o7 0.0017 0 }8 1 1 0.13
9,0-9,9 0 0.0005 0

10.0-10.9 -0 0.0003 0

11.0-11.9 0 0.0001 0

12.0-12.9 1/ 0.00006 0/

N=200 : S =71.32

- |
X*(,0.01) = 13.28

21.32 3> 13.28 -)- Erlang does not fit at the 1% significance level.

ML



TABLE D-23

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT

OF POISSON DISTRIBUTION TO OBSERVED DATA:

DECELERATION. LANE -~ AVENUE ROAD

PROBABILITY

CLASS OBSERVED THROR &L LCAL . 5
INTERVAL. | FREQUENCY (POTSSON ) FREQUEN CY (fo-1T) (fo-TT) (fo-£T)2
(SEC) (fo) (£T) T
0.,0-0.9 1 0.1680 3 33 1089 32,03
1.0-1.9 50 0.1331 27 23 529 19.59
2.0-2.9 35 0.1120 22 13 169 7.68
3.0-3.9 28 0.0943 19 9 81 .26
5.0-5.9 20 0.0669 13 7 U9 - 3.77
6.0-6.9 7 0.0563 11 Iy 16 1.45
7.0-7.9 11 0.0L7h 10 1 1 0.10
8;0-809 5 . 000399 8 3 9 1013
10.0-10.9 I 0.0283 6 2 I 0.67
11.0-11.9 2 '0,0239 5 3 9 1.80
12.0-12.9 I 0.0200 Iy
13,0-13.9 2 }9 0.0169 34 10 1 1 0,10
lu°o-éu°9 : O’O%%% 1% 1 1 0.07
3 ' 1l 0.0 .
N=200 . $=76.50
X2 ‘ = 26,22
(12,0.01) *

76.50 > 26.22

). Poisson does not fit at the 1% significance level.

WAILS



TABLE D-2l

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (X=2) DISTRIBUTION TO OBSERVED DATA:
DECELERATION LANE - AVENUE ROAD

CLASS OBSERVED PROBABILITY | THREORETLCAL . - — 5
INTERVAL FREQUEN CY (ERLANG) FREQUEN CY (fo-fT) (fo-fT)2 (fo-fT)
(SEC) - (fo) (K=2) (£T) ) fT
0.0-0.9 1 0.0h72 -9 8 - el - 7.11
1.0-1.9 50 0.10Lk 21 29 81 - L0.05
2.0-2.9 35 ' 0.12 25 10 100 .00
3,0-3.9 28 0.123 25 3 9 0.36
. 0=11.9 11 . 0.1130 23 12 oL 6,26
5.0-5.9 20 1 . 0.098" , 20 0 -0 - 0.00
6.0-6.9 7 0.0821 16 9 81 5.06
7.0=7.9 11 0.0673 13 2 Iy 0.31 .
8.0-8.9 5 0.0543 11 6 36 3.27
9,0-9,9 3 0.0l126 9 6 36 1.00
10.0-10.9 I 0.0339 7 3 9 - 1.29
11.0-11.9 2 0.0260 5 3 9 1.80
12,0-12.9 Iy 0.0202 - ol , .
13.0-13.9 2} 9 0.0153 3} 9 0 0 - 0,00
R e I - S 0 I
S 1 0.0351 9 .00
V=200 ' | £=80.51

2, -
X%(12,0.,01) = 26.22

gnT -

80.51 > 26.22 -} Erlang does not fit at the 1% significance level.



TABLE D-25

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO -OBSERVED DATA:
COMBINED THROUGH IANES - DIXON ROAD

CLASS OBSERVED PROBABILITY | THRORATLICAL
INTERVAL FREQUENCY (POISSON) FREQUENCY (fo-£T) (fo-fT)2 | (fo-fT)2
(SE3C) (fo) (£T) ' T
0.0-0.9 L7 0.2673 53 6 36 0.68
1.0-1.9 59 0.1958 39 20 400 10.26
2.0-2.9 29 0.1435 29 0 0 0.00
3.0-3.9 15 0.1052 21 6 36 1.71
lL.O=L,9 13 0.0770 15 2 I 0.27 -
5.0-5.9 10 0.0565 11 1 1 0.09
6,0-6.9 5. 0.0413 8 3 9 1.13
7.0=7.9 5" 0.0303 6 1 1 0.17
8.0-8.9 2\ 0.0222 N

920-9.9 3 0.0163 3 o
10.0-10.9 2117 0.0119 31 1L 3 9 0.6l
11,0-11.9 2 0.0087 2 -
12.0-12.9 0 0.0065 1
13.0-13.9 1 0.00l6 1

o N=200 o <=1[{.95

X2 = 16.01
(7,0.,025) .
1..95 & 16,01 -)- Poisson fits at the 2,5% significance level.,

6Nt



i TABILE’ 33-26

CHI-SQUARE TEST TO. CHECK: THE GOCDYESS OF FIT
OF J:;RLA)N&:: (K=2) DISTRIBULI ON~ TO-OBSERVED- DATA:
©.COMBINED- THRO-UGH LANES - DIXO;N ROAD

CLASS OBSERVED, | PROBABILITY | THEORETLICAL - . 5
INTERVAL | FRTOUENCY C[ERIANG) FRECUEA OY: - (fo-fT) (f0-£T)2 | (fo-£T)
(SHC) (fo) - (K=2) (£T) ' . T
‘ 0,0-0.9 Lt 1291 - 26 , 21 L1 16,96
1.0-1.9 59 ',»@ 22112 . L5 - 1L 196 Iy, 36
2.0-2.9 29 0.2033 - oLl - 12 1l 3,51
©3.0-3.9 15 - '0.1535 .31 , 16 - 256 8.26
- L.0-kL.9 13 - 0vL066 . sio2l “ 8 Bl 3,05
© 5.0-5.9 10 9 070697 1k Iy 16 1.
6.0-5.9 -5 3=:o;ouu5 -9 L 16 1.7
T.0-7.9 -5 0;’0279 L6 1 1 0.17
1.8.028.9 9 'Ds0168 3 |
19.0-9.9 3 70,0100 L2 ; :
105.0-10.9 2|17 2050058 PR VO n 10 100, 14.29
J11.0-11.9 They - 030035 o1 : : L
12./0-12.9 0] S 05002 0
113.0-13.9 .17 - 04600 >0
: N=200 .. | T=53.52
. . o j
(7, 0. 01) =18.48
53 52 > 18, 18

-yl Erlang does not fit at the 1%.significance level.

08T



TABLE D-27

CHI-SQUARE TEST TO‘ CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
COMBINED THROUGH LANES - ISLINGTON AVE,

CLASS OBSERVED PROBABILITY | THEORRTICAL - _
INTERVAL FREQUENCY QPOISSON) FREQUENCY (fo-TT) (fo-£T)2 (fo-£T)2
(8EC) (fo) . (£T) ‘ , ‘ BEV
0.0-0.9 i 1 0.3693 7L 30 900 12.16
2.,0-2.9 33 0.1 69 29 ST 16 0.55
3.0-3.9 18 0.0926 19 1 1 0.06
5.0-5.9 9 0.0371 7 2 L 0.58
6.0-6,9 6 0.0233 5 1 1 0.20 -
7.0-7.9 1 0.01l16 3 ’ |

8.0-8.9 2 000092 2 .
9.0-9,9 28 6 0.0059 1V7 1 1 0.1
10.0-10.9 0 0.0036 1
11.0-11.9 1 0.0023 0
N=200 . S =31.12

2 —
31,12 > 16,81 :)- poisson does not fit at the 1% significance level,

CTST



TABLE D-28

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO . .OBSERVED DATA:

COMBINED THROUGH LANES - ISLINGTON AVE.

CLASS

OBSERVED

“PROBABILITY

THEORETICAL

INTERVAL FREQUENCY (ERLANG ) FREQUENCY (fo-fT) (fo—fT)2 (fo-fT)2
(SEC) (fo) (K=2) (£T) i . N
0.0-0.9 hly 0.2356 L7 3 9 - 0.19
1.0-1.9 75 0.31L45 63 i2 Ul 2.29
2.0-2.9 33 0.2130 43 10 100 2.33
3.0=3.9 18 0.1197 2l 6 36 1,50
. 0-1.9 9 0.0617 12 3 9 0.75
5.,0-5.9 9 0.0268 5 Iy 16 3,20
6.0-6.9 6y 0.0168 3 :
7.0-7.9 1 0.0069 1 o
8.0-8.9 2|12 0.0031 1\{5 7 I 9.80
9,0-9.9 2 0.0009 0

10.0~10.9 0 .0.0006 0

11.0-11.9 1 ©0.,0002 0

N=200 S =20.06
X2 = 18.48
(5,0.01) .

20,06 >18.48 -)- Erlang does not fit at the 1% significance level,

esT.



TABLE D-29

CHI;SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
COMBINED THROUGH LANES - DUFFERIN ST.

CLASS OBSERVED | PROBABILITY | THEORETICAL - -
INTERVAL FREQUENCY - (POISSON) FREQUENCY (fo-£T) (fo=-£T) (fo-£T)2
(SEC) (fo). (frT) ' T fT
0.0-0.9 61 0.5093 102 Ll 1681 - 16.48
1.0-1.9 87 - 0.2500 50 27 729 14.58
2,0-2.9 33 0.1226 25 8 ol - 2.56
L.O=1t.9 3 0.0296 6 3 9 1.50

5.0-5.9 1 -} . 0.01hL 3
6.0-6.9 ol 2 0.0072 1{5 3 9 1.80
70-7.9 0 0.0035 1
8.0-8.9 1 00,0017 0
N=200 Y =37 .2

2 -
X2(),0.01) = 13.28

37.25 > 13.28 -)- Poisson does not fit at the 1% significancé level.

C€9T



TABLE D-=30

CHI-SQUARE TEST TO CHECK THE GOCDNESS OF FIT
OF ERLIANG (K=2) DISTRIBUTION TO OBSERVED DATA:

COMBINED THROUGH LANES - DUFFERIN ST,

CLASS

THEOR ETICAL

OBSERVED | PROBABILITY ’ 5 T
INTERVAL FREQUEN CY (ERLANG) FREQUENCY |- (fo-fT) (fo-fT) (fo-fT) =
(SEC) (fo) (K=2) : (£T) : ' T
0.0-0.9 61 0.l4165° 83 22 18l '5.83
1.0-1,.9 87 0.3603 72 15 225 3.13

3.0-3.9 1k 0.0517 10 ,
)_;,.O-,'Ll.'.g 3 0.0156 3

5.0-5.9 1) 0.00L6 1

6.0-6.9 0§19 0.001 o1l 5 25 1.78
7+0-7.9 0 0.000L 0

8.0-8.9 1/ 0.00006 0 :
B “H=200 : ¥ =11.0

2 . -
*°(2,0.01) = 9-& |
11.04 > 9.21 -)- Erleng does not fit at the 1% significance level,

3



TABLE D-31

CHI-SQUARE TEST TO CHECK THE GOODNESS OF FIT
OF POISSON DISTRIBUTION TO OBSERVED DATA:
COMBINED THROUGH LANES - AVENUE ROAD

CLASS THEORETICAL

OBSERVED PROBABILITY ~ . _ 5 5
INTERVAL FREQUENCY (POISSON) FREQU&ICY (fo-fT) (fo-£T) {(fo-£T)
(SEC) (fo) (£T) - T fT
0.0-0.9 62 0.5195 10l 2 176k 16,96
1.0-1.9 95 0.,24497 - 50 L5 2025 1,0.50
2.0=2.9 26 0.1199 2 2 Iy 0.16
3.0-3.9 9 0.0576 12 3 9 0.75
Lo0=l.9 i 0.0277 6 2 L 0.67
5.0-5.9 2 0.0133 3 '
6.0-6.9 1} I 0.006l 1%5 1 1 0.20
7.0-7.9 ! © 0,0031 1

2
X (L,0.,01) = 13.28

59,24 > 13.28 -)- Poisson does not fit at the

1% significance level.
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TABLE D-32

'CHI—SQU‘ARE TEST TO CHECK THE GOODNESS OF FIT
OF ERLANG (K=2) DISTRIBUTION TO OBSERVED DATA:
- COMBINED THROUGH LANES - AVENUE ROAD - =

CLASS

~ OBSERVED . | PROBABILITY | THRORETICAL |- , = D -
INTERVAL FREQUENCY - (ERLANG) FREQUENCY (fo-£T) (fo-£T)2 | (fo-£T)2
(SEC) (fo) (Kk=2) (£T) : ' : T :
0.0-0.9 62 0.4308 86 U 196 2,28
1.0-1.9 95 0.3596 72 23 529 7.35
2.0-2,9" 26 0.14h32 29 3 9 0.31
3.0-3.9 9 0.0472 9
L.0=l.9 L 0.,0134 3 .
5.0-5.9 2017 0.0038 13113 Iy 16 1.23
6,0-6.9 1 0.0015 0 - '
7.0-7.9 - 1 0.000l . 0
N=200 : € =11.17

2 .
X%(2,0.01) = 9.21

11,17 > 9.21 -)- E.rlang does not fit at the 1% significance level.

95T



157

REFERENCES

1. Bennett, C.A., ad Franklin, N.L., Statistical Analysis in
Chemistry and the Chemical Industry; John Wiley and Sons,

1954.

2. Greenshields, B,ﬁ., and Weida, F.M.; Statlstics with : :
‘ ‘applications to Highway Traffic Analysis; the Eno Foundation
for Highway Traffic Control, 1952.. :

3, Gerlough, D.L.; "The use of the Poisson Distribution in
Highway Traffic", in Gerlough, D.L., and Schuhl, A., '
"Poisson and Traffic"; the Eno Foundation for Highway
Traffic Gontrol, 1955.

li. Haight, F.A., Whisler, B.F., and Mosher, W.W.Jr.; A new
statistical method for describing the distribution of
cars on a road; Institute of Transportation and Traffic

- Engineering, University of California, Los Angeles.

5, Jensen, A.; "Traffic theory as an aid in the planning and
' operation of the Road Grid". Ingenitren No.2, vol. 1,
1957. (Danish Engineering Periodical).

6. Kendall;”D.G.; SOme problens in the Theory of Queues;
Royal Statistical Journal, Series 13, Vol. 13, No.2, 1951.

7. Matson, T.M., Smith, W.S., and Hurd, F.W.; Traffic
Engineering; McGraw-Hill, 1955, o

8. Morse, P.M.; Queues, Inventorles and Maintenance;
Operation Research Society o America, publication No.l;
John Wiley and Sons, 1952, ' '

9, Pearson, K.; Tables for Statisticians and Biometricians;
Biometric Laboratory, University College, London, part I,
third edition, 1951. a '

10. Smith, J.G., and Duncan, A.J.; Sampling Statlstics and
” applications; McGraw-Hill, 1943, v

11. Vardon, J.L.; "Some factors affecting merging traffic on
: the outer Ramp of Highway Interchanges™; A Master's
degree thesis, Queen's University, July 1959.

12. Williams, K;M.; "Vehicle operating characteristics on
outer loop deceleration lanes of interchanges"; A Master's
degree thesis, University of Toronto, October 1960.

13. Wyse, J.M., "A study of some characteristics of Traffic
Flow on Highway 401, an Urban Freeway"; Unpublished
Technical Report of the Ontario Department of Highways,
1960. '



A



